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1 Intuitionistic ND
We consider formulas as follows:
s,t,bu = x| L|s—t|sAat|svt (x:N)

Formally, we accommodate formulas with an inductive type For representing each
syntactic form with a value constructor. We use the notation —s :=s — 1.

We define an inductive predicate + : L (For) — For — P called intuitionistic ND
as follows:

sEA Ar L A, s+t Ars—t Ar s
ArF s ArFs Ars—t Art
Ars Art ArFsnht As,t+-u
ArFsnat Ar-u
Ar s Art Arsvit ASsHuU Atru
Arsvit Arsvit Ar+-u

Note the notation A, s := s :: A for lists of formulas. We will write + s for nil  s.
The symbol + is pronounced “turnstile”.

A proposition A + s is like a goal in Coq. Given a proposition A + s, we call A the
context and s the claim. It turns out that intuitionistic ND can prove A + s if and
only if Coq can prove the goal (A, s) where variables in formulas are accommodated
as propositional variables in Coq.

The rules with a logical constant (i.e., 1, —, A, V) in the conclusion are called
introduction rules, and the rules with a logical constant in the leftmost premise
are called elimination rules. The first rule in the above listing is called assumption
rule. Note that every rule but the assumption rule is either an introduction or an
elimination rule for a particular logical constant. Note that there is no introduction



rule for 1, and that there are two introduction rules for v. The elimination rule
for 1 is also called explosion rule.

Fact1l s+ ——=sand - —L F L.

Fact2 (Cut) AF-s — A,s+-t — ARt

Proof Follows with the two implication rules. -

Fact 3 (Weakening) A-s -~ A< B — B+ s.

Proof By induction on A + s with B quantified. -

Fact 4 (Agreement) A,s—t <« A+ (s — t).

Proof Follows with weakening. -
We define a function A - s such that nil - s =sand (u: A) -s=A- (u — s).

Fact 5 (Reversion) A+ s <« A -s.

Proof By induction on A using agreement. -

A formula is ground if it contains no variable.

Fact 6 (Ground Completeness) Let s be ground. Then either + s or ~ —s.
Proof By induction on s. m
Fact 7 (Double Application) A+ (s; - sp = t) - Ar-S] — A Sy — A+ L.

Fact 8 (Double Negation)
l. - s€eA - As—1 - Ar L.
2. A,s,tH L - A (s —t).

Proof Follows with agreement, cut, and double application. -

Exercise 9 Prove the following propositions.
1. (s - —7—=1) + =S,
2. (s> =t) (s = ).

3. (s = t), "s = ot

Exercise 10 (Ground Completeness)

a) Define a boolean test ground for groundness of formulas.

b) Declare a function Vs. if ground s then (- s) + (- —s) else T.
¢) Prove + s v —s for all ground formulas s.

d) Prove A,s—t — A,~ s+t — A+t for all ground formulas s.



2 Heyting Entailment

We show ——x i x. The trick is to come up with a predicate A = s such that
(1)A+ s - AEsand(2) ~—x # x. We will obtain such a predicate by evaluating
formulas into a three-valued ordered type. We call the predicate A = s Heyting
entailment in honor of the inventor Arend Heyting (around 1930).

Let V be an inductive type consisting of three values 0, 1, 2 we call truth values.
We represent the linear order 0 < 1 < 2 on V as a boolean function a < b. An
assignment is a function « : N — V. We define evaluation of formulas as follows:

Fox = ox

Fxl =0
Fo(s - t) = if Eas < Eat then 2 else Eat
Fa(s nt) = if Fas < Eat then Exs else Ext
Fa(svt) = if Eas < Ext then Ext else Exs

Note that conjunction evaluates as minimum and disjunction evaluates as maxi-
mum. We extend evaluation to contexts such that A evaluates to the infimum of the
truth values the formulas in A evaluate to:

2
if Fas < FxA then Eas else ExA

T x(nil)
Fo(s: A)

We now define Heyting entailment as A = s := V. ZxA < Eas.

Fact 11 Let an:=1. Then Ex(——x) =2 and Fax = 1.

Fact 12 (Soundness) A+-s — AEs.

Proof By induction on A + s. -
Theorem 13 (Double Negation) ——x - x.

Proof Follows with Facts[11]and .
Corollary 14 (Intuitionistic Consistency) # L.

Proof Follows with the explosion rule. -
Exercise 15 Show - x and t x v —-x and ¥ ((x - ¥) - x) — X.

Exercise 16 Show & (—x v ——x). Using a Heyting structure with a nonlinear order
one can show - (-x v =—x). Thus £ s — + s does not hold for all s.



3 Classical ND

Classical ND is obtained from intuitionistic ND by replacing the exfalso rule

Ar L
Ar s

with the contradiction rule:
A, s+ L
Ar s

Formally, we have a separate inductive predicate + : L(For) — For — P for clas-
sic ND. Classical ND can prove double negation.

Fact 17 (Double Negation) ——s 5.
Fact 18 (Weakening) Ar-s - A< B — B+ s.

Proof By induction on A+ s with B quantified. Same proof as for intuitionistic ND,
except that now the proof obligation for the contradiction rule must be checked:
(VB.A,-s<B—-BFrs) - A< B — BFs. -

Fact 19 (Explosion) A1 — Ats.

Proof By contradiction and weakening. -
Fact 20 (Extension) A+ s — Afrs.

Proof By induction on A + s using explosion. -
Fact 21 (Agreement) A,s+—t < ArF(s — ).

Proof Follows with weakening. -
Fact 22 (Cut) Ars — A,s+t — A+t.

Proof Follows with agreement. -
Fact 23 (Refutation) Ars <« A, sF L.

Proof Direction — follows with weakening. Direction — follows with contradic-
tion. -

While refutation tells us that classical ND can represent all information in the
context, agreement tells us that both intuitionistic and classical ND can represent
all information in the claim.

Exercise 24 Show s Vv —sand +((s = t) — s) — s.

Exercise 25 Show that classical ND is not sound for Heyting entailment, that is,
—(VAsS.AFs - AEs).



4 Glivenko’s Theorem

Lemma 26 Ars — A+ —-s.

Proof By induction on A+ s. This yields the following proof obligations.
l.seA - A —ms.

2. A,-S+ 21 - AR —s.

3. A;s -t - A o—(s — ).

4, A ~(s—-t) - A+ s - A+ -t

The obligations for conjunctions and disjunctions are omitted. The proofs are rou-
tine with Fact[8and the other facts from Section 1} .

Theorem 27 Ars - A+ —-s.

Proof Follows with Lemma [26]and Facts[20] and -
Corollary 28 Ar- 1 < A+ L.

Corollary 29 (Classical Consistency) —(+1).

Proof Follows from intuitionistic consistency (Corollary [I4). -
Corollary 30 Classical ND is decidable if intuitionistic ND is decidable.

Exercise 31 Show —(+ x) and —(F —x).

Exercise 32 Showthat A+(svt) <« ArsvVv Art does not hold.

5 Boolean Entailment

Recall that classical ND is not sound for Heyting entailment (Exercise [25). We now
define boolean entailment A = s using boolean assignments « : N — B. Classical ND
will be sound for boolean entailment. We define boolean evaluation and boolean
entailment as follows:

Fax = axx

Fxl = false

Fo(s — t) = if Fxs then E«t else true
Fo(s nt) = if Exs then Ext else false
Tx(svit) = if Exs then true else Fat

Fx(nil) = true
Tx(s:A) = if Exs then ZxA else false

AEs = V. if ExA then Zxs = true else T



Fact33 AEs <« V& (Vu € A. Exu = true) — Exs = true.

Fact 34 (Soundness) Ars — AEs.

Proof By induction on A s.

Exercise 35 Show —(+ 1), = (F x), and —(F —x) using boolean entailment (rather
than Heyting entailment and Glivenko).

6 Substitution

A substitution is a function 6 : N — For mapping every variable to a formula. We
define application of substitutions to formulas and lists of formulas such that every

variable is replaced by the term provided by the substitution:

0-x Ox

0.1 1L
O-(s—1) 0-s—-0-t
0-(sAt) 0-sn0O-t
0-(svt) 0-svO-t

0 -nil nil

O-(s2A) = 0-5s::0-A
We will write 0s and 0A for 0-s and 0-A.

Fact 36 s € A — 0s € 0A.

Proof By induction on A. -
Fact37 A+ s - 0A+ Osand AFs — OA+ 0Os.

Proof By induction on A + s and A - s using Fact -

Lemma 38 Zx(0s) = EZ(An.Ex(6n)) s holds both for Heyting and for boolean eval-
uation.

Fact39 A=s—-0AE0Osand A=s — OAE Os.

Proof By induction on A using Lemma -



7 Entailment Predicates

An entailment predicate is a predicate I+ : L(For) — For — P satisfying the follow-
ing properties:

Assumption: s € A - Al s.

Cut: Ars - As-t - At

Weakening: AWvs — A<SB — Bl s.

Consistency: 3s. IV s.

Substitutivity: Ars — OA - Os.

Explosion: AW+ 1L — Al s.

Agreement: AW (s —-t) - A/sit.

Conjunction: Al (SsAt) « Ars A AlFt.
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Disjunction: AW (svt) « Vu. A,js-ru — Ajtru - Alru.

Note that the first four requirements don’t make any assumptions on formulas;
they are called structural requirements. Each of the remaining requirements con-
cerns a particular form of formulas: Variables, falsity, implication, conjunction, and
disjunction.

Fact 40 Intuitionistic ND (A + s), classical ND (A F s), Heyting entailment (A & s),
and boolean entailment (A = s) are entailment predicates.

Proof Follows with the consistency and substitution results shown in the preceding
sections. -

We will show that every entailment predicate I satisfies A+ s - A+ s and
A s — AEs; that is, every entailment predicate is sandwiched between intuition-
istic ND at the bottom and classical ND at the top. Let - be an entailment predicate
in the following.

Fact 41 (Modus Ponens) Al-(s—-t) - Ars — A t.

Proof By implication and cut. n
Fact42 A+ s — A+ s. Thatis, intuitionistic ND is a least entailment predicate.
Proof By induction on A + s using modus ponens. -
Fact43 s — - —-s — L.

Proof Let I s and I+ —s. By Fact[41] we have L. By consistency and explosion we
obtain a contradiction. -



Fact 44 (Reversion) AI-s < |- A - s.
Proof By induction on A using agreement. -

We now come to the key lemma for showing that abstract entailment implies
boolean entailment. The lemma was conceived by Tobias Tebbi in 2015. We define a
conversion function that given a boolean assignment « : N — B yields a substitution
as follows: &n := if xx then =1 else 1.

Lemma 45 (Tebbi) if Zxs then I+ &s else I+ —&s.

Proof Induction on s using Fact and assumption, weakening, explosion, and
implication. -

Note that we have formulated the lemma with a conditional. While this style
of formulation is uncommon in Mathematics it is compact and convenient when
working with Coq.

Lemma 46 +s — £=s.

Proof Let I s and « be a boolean assignment. We show E£xs = true. By Lemma
we assume - —&s. By Fact[d3]we have a contradiction since I+ &s by substitutivity.s

Theorem 47 (Sandwich)
Let I be an entailment predicate. Then A+s - ArsandA+s — AEs.

Proof Claim 1 is Fact Claim 2 follows with Lemma [46] and Facts [44] and -

8 Outlook

Completeness of classical ND One can show that classical ND agrees with
boolean entailment. The direction A=s — A+ s we don’t have is called complete-
ness of classical ND.

Decidability of classical ND One can show that classical ND is decidable.

Informative decision function for classical ND One can construct a function
VA. {x | ExA = true} + (A+ L) using the tableau method. From the existence
of such an informative decision function it follows that classical ND is complete
and decidable. By Glivenko’s theorem it also follows that intuitionistic refutability
A+ 1 is decidable.



Decidability of intuitionistic ND One can show that intuitionistic ND is decidable.
This can be done with a method devised by Gentzen in the 1930s. First one shows
that intuitionistic ND is equivalent to a proof system called sequent calculus that
has the subformula property. Then one shows that sequent calculus is decidable,
which is feasible since it has the subformula property.

Kripke structures and Heyting structures One can construct evaluation-based
entailment predicates that coincide with intuitionistic ND using either finite Heyting
structures or finite Kripke structures. In contrast to classical ND, where a single two-
valued boolean structure invalidates all classically unprovable formulas, one needs
either infinitely many finite Heyting structures or infinitely many finite Kripke struc-
tures to invalidate all intuitionistically unprovable formulas. Heyting structures are
usually presented as Heyting algebras and were invented by Arend Heyting around
1930. Kripke structures were invented by Saul Kripke in the late 1950’s.

Informative decision function for intuitionistic ND One can construct an infor-
mative decision function for intuitionistic ND using the tableau method. Given A
and s, the function yields either a proof of A s or a finite Kripke structure satisfy-
ing A and dissatisfying s. From the informative decision function one can obtain a
decision function for intuitionistic ND. The tableau method was developed starting
in 1955 by Evert Beth, Raymond Smullyan, and Melvin Fitting.

Intuitionistic Independence of logical constants Using boolean entailment, one
can show that falsity and implication can express conjunction and disjunction. One
the other hand, one can prove using Heyting structures that in intuitionistic ND the
logical constants are independent.

Exercise 48 Give a function f from formulas to formulas such that Ex(Ast) =
Fx(s A t) and all formulas Axy are obtained just with variables, falsity, and impli-
cation.

Exercise 49 Assume an informative decision function for classical ND and show
that classical ND is complete and decidable.
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