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1 Introduction

We will use the notations

α î s := (Eαs = true)

α î A := (EαA = true)

read them as α satisfies s and α satisfies A. We have

α ù s ↔ Eαs = false

α î A ↔ ∀s ∈ A. Eαs = true

Our goal is the construction of a function

∀A. {α | α î A } + (A ˙̀ ⊥)

we call an informative decider. Given a list A of formulas, an informative decider

yields either an assignment satisfyingA or a classical ND refutation ofA (i.e., a proof

of A ˙̀ ⊥). Since classical ND is sound for boolean entailment, an informative decider

decides boolean satisfiability of formulas. We speak of an informative decider since

the function yields a satisfying assignment whenever there is one.

From the existence of an informative decider it follows that classical ND is com-

plete for boolean entailment (i.e., A î̇ s → A ˙̀ s), and that classical ND is decidable

(i.e., there is a function ∀AS. (A î̇ s)+ (A ù̇ s)).
It will be beneficial to first focus on the algorithmic aspects of the wanted de-

cider. If we focus on the algorithmic aspects, we aim at the construction of a func-

tion

L (For)→ O(N→ B)

that given a list of formulas yields a satisfying assignment whenever there is one.
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((x → y)→ x)→ x− 1

(x → y)→ x 2

x−

x → y− 3 x
x ⊗
y−

⊗

¬¬x → ¬(x → ¬y)− 1

¬¬x 3

¬(x → ¬y)− 2

x → ¬y 5

⊥−
¬x− 4 ⊥
x ⊗
⊥−

x− ¬y 6

⊗ y− ⊥
solved ⊗

Figure 1: Complete tableaux for ((x → y)→ x)→ x− and ¬¬x → ¬(x → ¬y)−

2 Decomposition Equivalences

There are two main methods available for a decision procedure for boolean satis-

fiability. One method eliminates variables and the other method decomposes for-

mulas. We will follow the decomposition method, which is better known as tableau

method. While the variable elimination method yields more efficient solvers, the

tableau method generalises to many logical scenaries (i.e., the construction of a

decision procedure for intuitionistic ND).

We express the key idea of the tableau method with the following equivalences:

α î (s → t) ↔ α ù s ∨α î t α ù (s → t) ↔ α î s ∧α ù t
α î (s ∧ t) ↔ α î s ∧α î t α ù (s ∧ t) ↔ α ù s ∨α ù t
α î (s ∨ t) ↔ α î s ∨α î t α ù (s ∨ t) ↔ α ù s ∧α ù t

Read from left to right, the equivalences reduce compound formulas to smaller

formulas. Given a test α î s, we can reduce it to an and-or tree of atomic tests

of the forms α î x, α ù x, α î ⊥, and α ù ⊥. Since α is not looked at during

the reduction, we can do the reduction if we are just given the formula. To do so,

we will use signed formulas s+ and s−, where s+ represents the test α î s and

s− represents the test α ù s.
Tableaux are graphical representations of and-or trees. Figure 1 shows two ex-

ample tableaux. Tableaux can be drawn by hand from top to bottom following a

decomposition process. Tableau have tree structure. A branch of a tableau is com-

plete if it either contains a conflict or all its formulas are decomposed. A branch

contains a conflict if it contains ⊥+ or a pair s+ and s−. A branch is solved if it con-

tains no conflict and all its formulas are decomposed. If all branches of a tableau
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contain a conflict we know that the formulas we started with are unsatisfiable. If

a tableau contains a solved branch, the signed variables on the branch give us an

assignment satisfying the formulas we started with. A tableau is complete if all

its branches either contain a conflict or are solved. Figure 1 shows two complete

tableaux where branches containing a conflict are marked with the symbol ⊗. The

numbers mark the decomposition steps that lead to the tableau.

3 Decomposition Trees

Tableaux are informal objects. At first it is not clear which aspects of tableaux

need to be formalised to construct the informative decider we aim at. We present a

minimal formalisation of complete tableaux here that suffices for the purpose. We

call our formal tableaux decomposition trees.

A clause is a list of signed formulas. The letters C and D will range over clauses.

We define α î C such that

α î C ↔ ∀s. (s+ ∈ C → α î s)∧ (s− ∈ C → α ù s)

We write SFor for the type of signed formulas. We define an inductive type

constructor ∆ : L N→ L N→ L (SFor)→ T with the following value constructors:

∆ P N nil

x ∈ N
∆ P N (x+ :: C)

x ∈ P
∆ P N (x− :: C)

x ∉ N ∆ (x :: P)N C

∆ P N (x+ :: C)

x ∉ P ∆ P (x :: N)C

∆ P N (x− :: C)

∆ P N (⊥+ :: C)

∆ P N C

∆ P N (⊥− :: C)

∆ P N (s− :: C) ∆ P N (t+ :: C)

∆ P N ((s → t)+ :: C)

∆ P N (s+ :: t− :: C)

∆ P N ((s → t)− :: C)

∆ P N (s+ :: t+ :: C)

∆ P N ((s ∧ t)+ :: C)

∆ P N (s− :: C) ∆ P N (t− :: C)

∆ P N ((s ∧ t)− :: C)

∆ P N (s+ :: C) ∆ P N (t+ :: C)

∆ P N ((s ∨ t)+ :: C)

∆ P N (s− :: t− :: C)

∆ P N ((s ∧ t)− :: C)
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We call the elements of ∆PNC decomposition trees for C under P and N . The list P
represents variables with a positive sign and the list N represents variables with a

negative sign. A decomposition tree for C under P and N represents a tableau for

the signed formulas given by C , P , and N .

There is a unique decomposition tree for C under P and N , provided we purify

the propositional premises in the rules for variables.

Fact 1 ∀PNC. ∆ P N C .

Proof By size recursion on C after reversion of P and N . �

A clause C can be converted into a list of formulas Ĉ by replacing s+ with s and

s− with ¬s. We have α î C ↔ α î Ĉ . We use P+ for the list of variable formulas

obtained from the numbers in N , and N− for the list of negated variable formulas

obtained from the numbers in N .

Fact 2 ∀PNC. ∆ P N C → {α | α î P+++N−++ Ĉ } + (P+++N−++ Ĉ ˙̀ ⊥).

Proof By recursion on ∆ P N C . �

Corollary 3 ∀A. {α | α î A } + (A ˙̀ ⊥).
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