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Inductive proofs on numbers are obtained with an induction lemma estab-

lished with a recursive function known as recursor. The recursor also pro-

vides for the definition of structurally recursive functions on numbers. We

may say that the recursor provides for inductive proofs through its type and

for recursive computation through its conversion rules. We also consider

equational specifications of recursive functions and touch the notion of func-

tional extensionality.

1 Induction Lemma for N

The induction tactic, like all tactics, constructs a partial term contributing to the

proof of the current goal. Things are arranged such that the induction tactic applies

a so-called induction lemma that can established automatically for the inductive

type underlying the inductive proof. For now, all inductions and all recursions are

on numbers. The induction lemma for numbers looks as follows:

∀p : N→ P. p0→ (∀n. pn→ p(Sn))→ ∀n.pn

To apply the induction lemma, the induction tactic first derives a predicate p such

that the claim converts to pn. The predicate p may be derived with the tactic

pattern. Next, the induction tactic reverts the variable n to obtain the claim ∀n.pn.

Now the induction lemma is applied, creating a subgoal for p0 (the base case) and a

subgoal for ∀n. pn → p(Sn) (the step case). For the step case, the induction tactic

intros n and the inductive hypothesis pn, which yields the claim p(Sn).
It is important that you can explain the effect of the induction tactic in terms of

more primitive operations involving the application of the induction lemma.

The function

λpaf . fix g n. match n [0⇒ a | Sn′ ⇒ fn′(gn′)]
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is obviously a proof of the induction lemma (do the type checking). Informally, we

may say that the function proving the induction lemma is given a proof a of p0 and

a function f that for every n and every proof of pn yields a proof of p(Sn). By

recursion on n the function proving the induction lemma then constructs a proof

of pn.

You have just seen an explanation of inductive proofs for numbers based on first

principles. The essence of inductive proofs is captured by the induction lemma,

which has a simple proof using recursion on numbers. Thus inductive proofs turn

out to be recursive proofs.

2 Recursor for N

The function proving the induction lemma can be typed more generally by general-

ising the type of the argument p to N→ T:

Rec : ∀p : N→ T. p0→ (∀n. pn→ p(Sn))→ ∀n.pn
:= λpaf . fix g n. match n [0⇒ a | Sn′ ⇒ fn′(gn′)]

We call Rec the recursor for N. Since N → P is a subtype of N → T, the function

λp.Recp is a proof of the induction lemma. Interestingly, the recursor also provides

for the definition of computational functions such as addition and multiplication.

We first define a simply typed version of the recursor:

R : ∀X. X → (X → X)→ N→ X
:= λX. Rec (λ_.X)

The following equations hold by conversion and are called conversion rules for R:

Raf0 = a
Raf(Sn) = fn(Rafn)

The advantage of the simply typed recursor R over the full recursor Rec is that

the first argument can be provided by type inference. We can now obtain many

arithmetic functions with R:

x +y = Ry(λ_. S)x

x ·y = R 0(λ_z. y + z)x
n! = R 1(λkz. Sk · z)n

Exercise 1 Prove the above equations for x +y , x ·y , and n! using induction.

Exercise 2 Prove Sn ≠ 0 using R. Do not use matches.
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Exercise 3 Express truncating subtraction x−y with R. Do not use matches. Prove

the correctness of your solution. Hint: Use R twice.

Exercise 4 Assume the following constants:

N : T O : N S : N → N
R : ∀p : N→ T. p0→ (∀n. pn→ p(Sn))→ ∀n.pn

CO : ∀paf . RpafO = a CS : ∀pafn. Rpaf(Sn) = fn(Rafn)

Define addition for N and show that it is commutative. The exercise shows that

the inductive definition of N can be simulated with the above constants providing

the constructors, the recursor, and the conversion rules. The simulation looses the

automatic application of the conversion rules through conversion.

3 Equational Specification of Functions

Computable functions can be specified by a system of equations. Such equational

specifications can be expressed with predicates. As an example, we consider an

equational specification of truncating subtraction:

Minus f := ∀xy. f0y = 0 ∧ f(Sx)0 = Sx ∧ f(Sx)(Sy) = fxy

We show that the specification Minus is satisfiable and unique up to functional

extensionality.

Fact 5 (Satisfiability) The following function satisfies the specification Minus:

fix fx. λy. match x
[0⇒ 0

| Sx′ ⇒ match y
[0⇒ Sx′
| Sy ′ ⇒ fx′y ′ ]]

Proof All three equations hold by conversion. �

Fact 6 (Uniqueness) Minus f → Minus g → fxy = gxy .

Proof By induction on x and case analysis on y . �

Functional extensionality is the following proposition saying that two functions

are equal if they are equal for all arguments:

FE := ∀X Y ∀f g : X → Y . (∀x. fx = gx)→ f = g
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FE is not provable in Coq, but it is consistent to assume XM∧ PE∧ FE.

Next we consider an equational specification of a function known as Ackermann

function:

Acker f := ∀xy. f0y = Sy ∧ f(Sx)0 = fx1 ∧ f(Sx)(Sy) = fx(f(Sx)y)

This specification is special in that the third equation employs a nested recursive

application of the function. Informally, satisfiability and uniqueness of the speci-

fication can be argued as follows. Since for any two arguments exactly one of the

three equations applies, f exists and is unique if the application of the equations

terminates. This is the case since either the first argument is decreased, or the first

argument stays the same and the second argument is decreased (one speaks of a

lexical termination order).

The lexical termination argument is outside the scope of Coq’s termination

checker. Coq insists that every recursive abstraction comes with an argument that

is structurally decreased by every recursive application. It turns out that for Acker

the lexical termination argument can be realized with nested induction and nested

recursion.

Fact 7 (Uniqueness) Let f and g both satisfy Acker. Then fxy = gxy .

Proof We prove ∀y. fxy = gxy by induction on x. For f(Sx)y = g(Sx)y we

need a nested induction on y . The case f(Sx)0 = g(Sx)0 follows with the inductive

hypothesis for x, and the case f(Sx)(Sy) = g(Sx)(Sy) follows with the inductive

hypotheses for x and y . �

A function satisfying Acker can be constructed using nested recursion, where

the outer recursion yields a recursive function N→ N.

Fact 8 (Existence) The following function satisfies the specification Acker:

fix fx. match x
[0⇒ S
| Sx′ ⇒ fix gy. match y

[0⇒ fx′1
| Sy ′ ⇒ fx′(gy ′) ]]

Proof All three equations follow by conversion. �

Exercise 9 Use the simply typed recursor R to describe functions satisfying Minus

and Acker. Prove that your solution is correct. Do not use fix and match.

Exercise 10 Show that the specification λf . f0 = 0∧∀x. f(Sx) = S(f(fx)) has a

solution unique up to functional extensionality.

Exercise 11 Write an equational specification for the recursor Rec and show

uniqueness up to functional extensionality.
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Background There is a notion of first-order primitive recursion and the Acker-

mann function is the canonical example for a function that is not first-order prim-

itive recursive. The structural recursion provided by Coq yields a form of higher-

order primitive recursion. In the description of the Ackermann function, the higher-

orderness shows in that the outer recursion yields a recursive function.
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