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Coq’s universe of propositions makes it possible to impose strong assump-
tions on propositions, such as excluded middle (XM) and propositional ex-
tensionality (PE). Both assumptions imply that propositions have at most one
element, a property know as proof irrelevance (PI).

Coq imposes a restriction on matches we call elim restriction, which re-
quires that the result type of a propositional match is propositional. Without
the elim restriction, PI would be contradictory.

1 Elim Restriction
A type is pure if it has at most one element:
pure (X:T) = Vxy: X.x =y
The proposition PI (proof irrelevance) says that every proposition is pure:
PI := VX:P.pure X

A proposition X is contradictory if one can prove —X. We say that it is consistent
to assume a proposition X if X is not contradictory. Coq is designed such that it is
consistent to assume PIL

Fact 1 Suppose there is a function f : T v T — B such that f(LI) = true and
f(RI) = false. Then PI is contradictory.

Proof Suppose PI holds. Then LI = RI and thus true = false. Contradiction. -

Without a restriction on propositional matches a function f as required for in-
consistency of PI can be easily defined. Since Coq is designed such that consistency
of PI is guaranteed, it imposes a restriction on matches for propositions we called
elim restriction. The elim restriction requires that the result type of a propositional



match is propositional. In other words, a match on a proof is restricted to yield a
proof.

The elim restriction does not apply to the propositions L, T, and x = . More
generally, all matches on single constructor propositions where the constructor car-
ries no information are excluded from the elim restriction.

Exercise 2 Prove that L and T are pure. Also prove that the propositions
if b then T else 1 are pure.

Exercise 3 Prove VX:TVY:PVp:X — Y — P. (Vx3Ay. pxy) — AfVx. px(fx).
The function f is called a Skolem function for p. Explain why we cannot prove the
existence of a Skolem function for total predicates whose second argument type is
non-propositional. We remark that in Coq it is consistent to assume that every total
predicate has a Skolem function.

2 Propositional Extensionality

The proposition PE (propositional extensionality) says that equivalent propositions
are equal:

PE = VXY P.X-Y-X=Y
Fact 4 PE — PL

Proof Assume PE and let x and y be two proofs of a proposition X. We show x = y.
Since X < T, we have X = T. The claim follows since T is pure. -

Fact5 XM « VX:P. (X = T) V(X ~ 1).

The proposition TVS (truth value semantics) says that every proposition is ei-
ther T or L:

TVS = VX:P.X=TVvX=1
Fact 6 TVS -« XM A PE.

Coq is designed such that it is consistent to assume TVS.

Exercise 7 Prove that VX : T. X = T v X = L is contradictory.



3 XM entails PI

It turns out that XM entails PI. The proof depends on a fact we call Hurkens’ lemma.

Lemma 8 (Hurkens) Let A be a proposition and f and g be functions P — A and
A — P. Then -VX:P. g(fX) - X.

The proof of Hurkens’ lemma can be found in the Coq library Hurkens. The
proof is technical and difficult to explain. Hurkens’ proof is often referred to as
Hurkens’ paradox since it simplifies a result known as Girard’s paradox.

Hurkens’ lemma says that P modulo equivalence cannot be obtained as a retract
of a proposition. This means that P modulo equivalence is larger than every propo-
sition.

Theorem 9 XM — PL

Proof Let xm : XM and a and b be two proofs of a proposition A. We show a = b.
By XM it suffices to show that a # b is contradictory. Suppose a = b. Then

X ~a=ifxmXthenaelseb

for every proposition X. Hurkens’ lemma now gives us a contradiction with the
functions AX.if xmX then a else b and Ac.a=c. -
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