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We introduce inductive predicates as they are accommodated in Coq’s type
theory. Our prime example is the ordering predicate for numbers, for which
we establish size induction and complete induction.

1 Inductive Predicates and Proof Constructors

An inductive predicate is a constructor for propositions introduced together with
n = 0 proof constructors by means of an inductive definition. The proof con-
structors for an inductive predicate p provide proofs for inductive propositions
pS1 ... Sy obtained with the inductive predicate. Coq’s type theory ensures that, up
to conversion, every proof of a proposition obtained with an inductive predicate is
obtained with a proof constructor of the predicate.

Two simple inductive predicate are 1L : P and T : PE] While L is defined with
no proof constructor, T : P is defined with a single proof constructor I : T. Conse-
quently, 1 has no proof, and T has a single proof I up to conversion.

The inductive predicates and proof constructors for conjunctions and disjunc-
tions look as follows:

AN:P-P-P v:P-P-P
conj : VXY:P.X-Y-XAY L: VXY PX-XVY
R:VXY:P.Y-XVY

Note that A has one proof constructor and that v has two proof constructors. The
proof constructors realize the design that a proof of X A Y is a pair of a proof of X
and a proof of Y, and that a proof of X v Y is either a proof of X or a proof of Y.
Proof constructors may be displayed as proof rules. The proof constructors
mentioned so far displayed as proof rules look as follows:
X Y X Y

L R
XAY XvY XVvY

I— conj
T

ITo ease our language, we talk about L and T as predicates with zero arguments.



A proof rule has n > 0 premises and a single conclusion and asserts that the
conclusion has a proof if all premises have a proof. Proof rules provide a suggestive
informal notation for proof constructors.

We define an inductive predicate x < y capturing the ordering of numbers:

<:N—-N-P
leg : Vx.x <x

les : Vxy.x<y-x=<S8y

The idea behind this definition becomes more apparent once we write the two proof
constructors leg and les as proof rules:

X<y
leg ———
X <X x <S8y

IEB

Exercise 1 Give proof terms for the propositions 2 < 2,2 < 3, and 2 < 4.
Fact2 x <y + x.

Proof By induction on y. If y = 0, it suffices to show x < x, which follows by the
first rule. If v = Sy, it suffices to show x < S(»v + x). By the second rule it suffices
to show x < v + x, which is the induction hypothesis. -

Fact3 -1 <O.

Proof Suppose 1 < 0. Then 1 < 0 must be obtained with one of the two proof
rules. If 1 < 0 is obtained with the first rule, we have 0 = 1, which is contradictory.
If 1 < 0 is obtained with the second rule, we have 0 = Sy for some 7y, which is
contradictory. -

When we design the rules for an inductive predicate, we may start with an infor-
mal understanding of the relation we want to capture. The inductive predicate we
end up with may then serve as the definition of the relation we have in mind. The
official definition of x < y in Coq is in fact the inductive definition given above.

We distinguish between soundness and completeness of an inductive definition.
An inductive definition for an inductive predicate p is sound if one can derive only
true propositions for p, and complete if one can derive all true propositions for p.

A proof rule is sound if the conclusion of the rule is true whenever the premises
of the rule are true. The principle of rule induction says that an induction defini-
tion is sound if all its proof rules are sound. For now we will use rule induction
informally trusting our intuition. Later, we will formalize rule induction for a given
inductive predicate with an induction lemma obtained with match and fix.



If we have a formal description of the relation we want to capture with an induc-
tive predicate, we may prove that the inductive predicate agrees with the specifying
relation. As an example, we will prove the equivalence

x<y-3dk.k+x=y

for the inductive predicate <. The two directions of such a correctness proof cor-
respond to soundness (—) and completeness (—). The equivalence says that the
inductive predicate < agrees with the predicate Axy. 3k. k + x = y.

Fact4 x <y - 3k. k+x =y.

Proof Soundness is the direction —, completeness is the direction .

Soundness follows by rule induction. For the first rule, it suffices to show
dk. k + x = x for the conclusion, which follows with k = 0. For the second rule,
we have k + x = y for the premise and show 3k. k + x = Sy for the conclusion.
Follows with k = Sk.

For completeness, we assume k + x = v and show x < y. Given the assumption,
it suffices to show x < k + x, which follows by Fact -

Exercise 5 Consider the inductive predicates for existential quantification and
propositional equality. Give the types of the inductive predicates and the accompa-
nying proof constructors. Write the proof constructors as proof rules.

Exercise 6 Prove ~Sx < x using Fact[4] Hint: Prove x + k = x — k = 0 by induction
on k.

2 Examples

To help the reader with the design of inductive predicates, we provide the list of
examples shown in Figure [1} Each inductive predicate in Figure [1]is specified with
a non-inductive predicate. While the specifying predicates are described with arith-
metic operations, the proof rules for the inductive predicates do not employ arith-
metic operations.

All inductive predicates in Figure [1| are recursive. An inductive predicate is re-
cursive if it has a proof rule with a premise containing the predicate. Recursive
proof rules and recursive premises are defined accordingly.

Exercise 7 For each example, state the type of the inductive predicate and the ac-
companying proof constructors.

Exercise 8 Check for each inductive predicate that it is sound for the specifying
predicate. Use rule induction.



even x < 3dk.x =2k x<y - dk.k+x=y

even x X<y

even 0 even (5(Sx)) X <Xx x <S8y

AXyz « x+y =2z Dxyz « x=2y+zA(z=0vz=1)
Axyz Dxyl Dxy0

Ax0x Ax(Sy)(Sz) D(Sx)(Sy)0 D(Sx)y1

safe p x < Jk.p(x + k)
px safe p (5x)

safe p x safe p x

Figure 1: Inductive predicates and their specifications.

Exercise 9 Prove for each inductive predicate that it agrees with the specifying
predicate.

Exercise 10 Prove safe p x — safe p 0. Hint: Use (k. p(x + k)) — safe p x.

Exercise 11 Design inductive predicates that agree with the following predicates.
In each case prove the correctness of the inductive predicate. Do not use auxiliary
predicates or functions.

a) Zero: Ax.x = 0.

b) Division by 2: Axy.x = 2)y.

¢) Truncating subtraction: Axyz.x —y = z.
d) Oddness: Ax.3k.x =2k + 1.

3 Rule Induction Explained

We now explain and formalize rule induction at the example of the inductive predi-
cate even (defined in Figure[I). Suppose we want to prove the proposition

Vx.even x — px

We know that the proof of evenx must be obtained with one of the two proof
constructors for even. Doing the case analysis, we obtain two subgoals:

r0
Vx.even x — p(S(Sx))



The recursive premise even x in the second subgoal comes with a smaller proof
than the proof we started with. Thus we can add an induction hypothesis to the
second goal:

p0
Vx.even x — px — p(S(Sx))

We formalize our explanation with an inversion lemma and an induction lemma:

InVeven : Vp:N-P. pO0 - (Vx.even x — p(5(Sx))) - Vx.even x —» px

ApafxH. match H [eveng = a | evens x' H' = fx'H']

Indeven : Vp:N-P. pO0 - (Vx.even x — px — p(5(5x))) - Vx.even x — px
Apaf. fix gxH. match H [eveng = a | evens x' H = fx'H (gx'H’) ]

The proofs of the two lemmas use match for the case analysis and fix for the recur-
sive computation of the induction hypothesis.

The inversion lemma for even may be seen as a functional abstraction of the
match for even. Every match for even can be replaced with an application of the
inversion lemma for even.

The induction lemma for even may be seen as a functional abstraction of the
standard recursion scheme for even.

Because of the elim restriction matches for even can only yield proofs. Thus p
has type N—P rather than N-T.

Coq derives an induction lemma for every inductive predicate and uses it to
realize the tactic induction for inductive predicates. In case the inductive predicate
is not recursive, the induction lemma is just the inversion lemma.

4 Parameters and Indices

We consider the proof rules for the inductive predicate x <

X<y

X <X x <S8y

and notice that the first argument x can be treated as fixed. We say that the first
argument of < is a parameter and that the second argument of < is an index.
The distinction matters since the parameter can be quantified at the outside of the
inversion lemma and the induction lemma for <:

Inv. : Vx, p:N=-P. px - (Vy.x <y - p(Sy)) - Vy.x <y —py
Ind< : Vx, p:N-P. px - (Vy.x <y —-py - pSy)) = Vy.x <y —py



The outside quantification of the parameter makes the use of the lemmas more con-
venient since the predicate p doesn’t have to account for side conditions containing
the parameter but not containing the index.

In general, each argument of an inductive predicate is either a parameter or
an index. We look at the inductive predicates introduced so far and identify their
parameters and indices:

T and L: no arguments.

XAYand X vY: X and Y are parameters.

even x: x is an index.

X < y: x is a parameter, v is an index.

safe q x: q is a parameter, x is an index.

Axyz: x is a parameter, y and z are indices.

Dxvyz: all arguments (x, v, z) are indices.

In Coq, parameters of inductive predicates must be declared. All arguments not
declared as parameters are treated as indices. Parameters can be declared in the
head of an inductive definition. It is also possible to declare parameters as variables
in the section surrounding the inductive definition. Coq insists that all parameters
appear before the first index.

We identify the general form of inversion lemmas as follows:

There is a prefix quantifying the parameters and p.

There is a proof obligation for every proof constructor.

There is a head quantifying the indices.

As an example, consider the inversion lemma Inv. given above:

The prefix is Vx, p :N-P.

The proof obligation for the first proof constructor is px.

The proof obligation for the second proof constructoris Vy. x <y — p(Sy).

The headis Vy.x <y — py.

The general form of induction lemmas is analogous. The only difference is that in
the proof obligations for the proof constructors every recursive premise is followed
by an inductive hypothesis.

We offer an informal and operational slogan for rule induction: To prove a prop-
erty p for the indices of an inductive predicate, prove for every rule of the predicate
that p holds for the indices of the conclusion of the rule, assuming the premises of
the rule and that p holds for the indices of the recursive premises of the rule.



Finally, we consider the inversion lemma for the inductive predicate L.

Inv, : Vp:T. L—-p
= ApH. match H []

Since 1 has no proof constructor, matches for 1 have no clauses. Consequently,
the inversion lemma for L has no proof obligations for proof constructors. Note
that a match on a proof of L can be replaced with an application of Inv,, and that
an application of the tactic exfalso can be realized as an application of Inv,. Also
note that the inversion lemma for L admits p with a general type while so far p
has been a predicate. This reflects the fact that the elim restriction doesn’t apply to
matches for 1.

Exercise 12 State and prove the inversion lemmas for T, X AY,and X v Y.
Exercise 13 Prove the inversion and the induction lemma for x < y.

Exercise 14 State and prove the induction lemmas for the inductive predicates
safeqx, Axyz,and Dxyz.

Exercise 15 Define an inductive predicate for existential quantification and identify
parameters and indices. Prove the inversion lemma for the predicate.

Exercise 16 Consider the inductive predicate E : P defined with the single proof
constructor EC : E — E.

a) Does the elim restriction apply to E?
b) State and prove the induction lemma for E.
c) Prove —E.

5 Tidy Matches

Given an inductive predicate p, we call a proposition ps; ... s, tidy if for every in-
dex i of p the argument term s; is a variable not occurring otherwise in the propo-
sition. For instance, even x and 7 < x are tidy, and even 1, x < x,and 2 + x < x
are not tidy. We call a match for an inductive predicate tidy if the type of the term
matched on is a tidy proposition. For instance, a match on H : 3 < x is tidy, while a
matchon H:0 <1 or H:x < x is not tidy.

We will only use tidy matches. Unfortunately, Coq doesn’t enforce this restriction
and tolerates untidy matches. The problem with untidy matches is that they do not
type check as one would expect. We don’t know of untidy matches that are useful
or convenient. We see Coq’s tolerance of untidy matches as a design bug. Coq’s
laissez-faire attitude towards matches propagates to the destruct tactic.



Recall the informal proof of =1 < 0 (Fact[3). We cannot match on H : 1 < 0 since
this would result in an untidy match. We solve the problem by proving the more
general claim 1 < x — x = 0 with a tidy match on H : 1 < x. In Coq, the generalised
claim may be introduced with the tactic enough.

Exercise 17 Find generalisations for —even 1 and =2 < 1 so that they can be shown
with tidy matches.

6 Inductive Predicate for Propositional Equality

An interesting example not yet discussed is the inductive predicate for proposi-
tional equality:

eq: VX:T.X-X->P
Q: VX:T,x:X.eq Xxx

The first two arguments of the inductive predicate eq are parameters, and the third
argument of eq is an index. Here is the inversion lemma for eq:

Inveq : VX T, x: X, p:X-T. px - Vy.eq Xxy — py

Note that p : X — T is a general function and not a predicate. This reflects the fact
that the elim restriction doesn’t apply to matches for eq.

We write x = y for eq_x y.

If we have a term o : s = x and x does not occur in the term s, matching on «
is tidy and will replace the variable x with the term s in the single clause of the
match. In Coq, we may use the tactic destruct on « to eliminate the variable x in
the current goal by replacing it with the term s. This form of variable elimination
using destruct is often convenient.

Proofs of equations are called identity proofs. The canonical identity proof is
Qs:s =s. Notethat we have Qs:s=tand Qs :t = s if s = t (by the conversion
rule). Matching on an identity proof « : s = x will replace x with s and « with Qs.
We speak of the elimination of the identity proof «.

Exercise 18 Prove the inversion lemma for eq.

Exercise 19 Study the proof of Hedberg’s theorem to see nontrivial eliminations of
identity proofs.

7 Impredicative Characterisations

Inductive predicates can be characterised with propositions that model the rules of
the predicate without mentioning the predicate.



Fact 20 (Impredicative Characterisations)

even x < Vp:N-P. p0 - (Vx.px - p(S(5x))) — px
X<y < Vp:N-P. px - (Vy.py - p(§y)) - py
xX=y < Vp:X-P. px - py

1L < Vp:P.p

Proof The direction — (soundness) follows in each case with the inversion or induc-
tion lemma for the inductive predicate. The direction — (completeness) follows by
instantiating p with even, Ay.x < y, Ay.x = y, and 1, respectively. -

Using informal set-theoretic language, one may say that the impredicative char-
acterisation of an inductive predicate characterises the inductive predicate as the
intersection of all predicates satisfying the rules of the inductive predicate.

In the impredicative characterisation of x = y and L one may type p more gen-
erally so that it yields a general type rather than a proposition. This generalisation
will not type check since —~ expects propositions on both sides, which is not the case
for the generalised right-hand side. However, it is possible to prove each direction
by itself.

8 Size Induction

We define x < y := Sx < . Note that x < Sx and x < S(Sx)) follow immediately
with the proof rules for <.

Fact 21

x<0-x=0

—x <0
X<y-—-y<z—-Xx<zZ
X<y-y<z—-Xx=<z
X<Yy-—-XxX=<Yy
Sx<Sy-x=<y.
xX<y-8Sx=<Sy.
X<y—-y<z-x<z

© X N Uk W=

X<Yy—-X=+Yy
10. -x < x

Proof Claim 1 follows by inversion after generalisation. Claim 2 follows from (1).
Claim 3 follows by induction on y < z. Claim 4 follows from (3). Claim 5 follows



by induction on Sx < y. Claim 6 follows by inversion and (4) after generalisation.
Claim 7 follows by induction on x < y. Claim 8 follows from (7) and (3). Claim 9
is tricky; follows by induction on y with x quantified using (2) and (6). Claim 10
follows from (9). n

Note that the proof of =x < x involves many of the properties shown before. It
is an interesting exercise to start proving —x < x without knowing the necessary
intermediate results. In this case the intermediate results and their proofs need to
be invented.

Note that the proofs given for Fact do not involve addition. There is an
alternative proof of -x < x using the characterisation of x < y with addition
stated in Fact

A more advanced result for x < 7y is size induction. Size induction assumes
a type X, a size function f : X — N, and a predicate p : X — P. Size induction
says that p holds for all x if we can prove p holds for all x assuming p holds for
all smaller y (i.e., fv < fx). We established size induction in a generalised form
where p is a function X — T.

Fact 22 (Size Induction) Let X : T, f : X - N,and p : X — T. Then:
(Vx. (Vy. fy < fx — py) - px) - Vx.px

Proof Let H : Vx. (Vy. fy < fx — py) — px. It suffices to prove inhabitation
of Vnx. fx < n — px by induction on n. For n = 0, the claim follows with (2)
of Fact Otherwise, we assume H; : fx < Sn and show px. By H we asume
H> : fy < fx and show p. By the induction hypothesis it suffices to show fy < n.
Follows with H», Hy, and (6) and (4) of Fact[21] -

Corollary 23 (Complete Induction) Let p : N — T. Then:
(Vx. (Vy.y <x - py) - px) - Vx. px

Note that size recursion is a method for proving the existence of a function
Vx.px. In the special case where p is a predicate, a proof of the proposition Vx.px
is obtained.

Exercise 24 Prove that the inductive predicate T : N — P defined with the rules

o Tx T(Sx)
TO T1 T(S(Sx))

holds for all numbers. There is a proof using complete induction. Alternatively, the
generalised claim Vx. px A p(Sx) can be shown with natural induction.
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Exercise 25 Prove the following facts about even:
a) even(S(Sx)) — evenx

b) evenx — eveny — even(x + y)

Cc) evenx — even(x + y) — eveny

d) evenx — —even(Sx)

e) even(Sx) — —evenx

Exercise 26 Some proofs need ideas. Try to prove —evenx — even(Sx). As is, the
induction on x will not go through since it takes away a single S while the second
proof rule for even takes away two S’s. The standard cure consists in generaliz-
ing the claim so that the induction hypothesis becomes strong enough. Prove the
following facts about even:

a) (mevenx — even(Sx)) A (—even(Sx) — evenx).

b) evenx v —evenx.

Exercise 27 Let p : N — P. We define and inductive predicate L :N - N — P:

px px L(Sx)k
LxO0 Lx(Sk)

Informally, Lxk holds if k is the least number such that p(x + k) holds. Prove the
equivalence Lxk < p(x +k) AVi.i<k - —p(x +1).

9 Notes

Coq’s type theory provides a foundation for inductive predicates:

1. Inductive propositions and proofs of inductive propositions are obtained with
constructors representing the inductive predicate and the proof rules. The typ-
ing discipline ensures that the constructors can only be applied as one would
expect.

2. Matches (case analysis) realize the intuition that every proof of an inductive
proposition can be obtained with a proof constructor for the inductive predi-
cate of the proposition.

3. Recursive abstractions (fix) realize the intuition that subproofs of a proof ob-
tained with a proof constructor are smaller than the entire proof.

4. The induction lemma for an inductive predicate can replace the use of matches
and recursive abstractions for the predicate. It may be seen as a functional
formulation of the basic recursion scheme for the predicate.
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Inductive predicates appeared in specialised form as proof systems in logic.
Gentzen’s [2] work on proof systems for first-order logic in the 1930’s shows how
mathematicians dealt with inductive definitions before the modern foundation in
type theory became available. Gentzen justifies rule induction by size induction
on the derivations of inductive propositions, where derivations appear as tree-like
structures obtained with the proof rules of the inductive predicate.

Aczel’s [1]] handbook chapter surveys inductive definitions in the 1970’s.
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