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We study the inductive type for lists. Lists provide a recursive representation

of finite sequences over a base type. Lists also provide a canonical represen-

tation of finite sets, and we will focus on this use of lists. Besides numbers

and pairs, lists are the most important data type in constructive type theory.

1 Inductive Type for Lists

A list represents a finite sequence [x1 ; . . . ; xn] of values. Formally, lists are ob-

tained with two constructors nil and cons:

[] , nil

[x] , cons x nil

[x ;y] , cons x (cons y nil)
[x ;y ;z] , cons x (cons y (cons z nil))

The constructor nil provides the empty list. The constructor cons yields for a

value x and a list [x1 ; . . . ; xn] the list [x ;x1 ; . . . ; xn]. Given a list cons x A, we

call x the head and A the tail of the list. Given a list [x1 ; . . . ; xn], we call n the

length of the list and x1, . . . , xn the elements of the list. An element may appear

more than once in a list. For instance, [2 ; 2 ; 3] is a list of length 3 that has 2 ele-

ments.

Lists are accommodated with an inductive type definition introducing three con-

structors:

L : T→ T

nil : ∀X. LX
cons : ∀X. X → LX → LX

Lists of type LX are called lists over X. The typing discipline enforces that all

elements of a list have the same type. For nil and cons, we don’t write the first
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argument X. For cons, we employ a right-associative infix notation:

x :: A := consxA

The inductive definition of lists provides for case analysis, recursion, and induc-

tion. These features are accommodated with the design we have already seen for

booleans, numbers, and pairs.

Fact 1 (List Induction)

∀X : T, p :X→T. p nil→ (∀xA. pA→ p(x :: A))→ ∀A.pA

Fact 2

1. Disjointness: nil ≠ x :: A

2. Injectivity: x :: A = y :: B → x = y
3. Injectivity: x :: A = y :: B → A = B
4. Progress: A ≠ x :: A

Exercise 3 Prove Facts 1 and 2. The proofs are similar to the corresponding proofs

for numbers: Sx ≠ 0, Sx = Sy → x = y , and Sx ≠ x.

2 Membership, Inclusion, and Equivalence

We define the membership predicate for lists as a recursive predicate x ∈ A that

holds if x is an element of A:

x ∈ nil = ⊥
x ∈ y :: A = (x = y ∨ x ∈ A)

The membership predicate x ∈ A is our formal definition of what it means that x
is an element of a list A.

We may see lists as representations of finite sets. List membership then corre-

sponds to set membership. The list representation of sets is not unique since the

same set may have different list representations. For instance, [1 ; 2], [2 ; 1], and

[1 ; 1 ; 2] are different lists all representing the set {1,2}. In contrast to sets, lists

are ordered structures providing for multiple occurrences of elements.

From the type-theoretic perspective, sets are informal objects that may or may

not have representations in type theory. This is in sharp contrast to set-based

mathematics where sets are taken as basic formal objects. The reason sets don’t

appear natively in type theory is that type theory is a computational theory while

sets in general are noncomputational.
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We will take lists over X as type-theoretic representations of finite sets over X.

With this interpretation of lists in mind, we define list inclusion and list equiva-

lence as follows:

A ⊆ B := ∀x. x ∈ A→ x ∈ B
A ≡ B := A ⊆ B ∧ B ⊆ A

Note that two lists are equivalent if and only if they represent the same set.

Fact 4 List inclusion A ⊆ B is reflexive and transitive. List equivalence A ≡ B is

reflexive, symmetric, and transitive. Moreover, we have the following properties.

x ∉ nil x ∈ [y]↔ x = y
nil ⊆ A A ⊆ nil→ A = nil

x ∈ y :: A→ x ≠ y → x ∈ A x ∉ y :: A→ x ≠ y ∧ x ∉ A
A ⊆ B → x ∈ A→ x ∈ B A ≡ B → x ∈ A↔ x ∈ B
A ⊆ B → x :: A ⊆ x :: B A ≡ B → x :: A ≡ x :: B

A ⊆ B → A ⊆ x :: B x :: A ⊆ B ↔ x ∈ B ∧A ⊆ B
x :: A ⊆ x :: B → x ∉ A→ A ⊆ B x :: A ⊆ [y]↔ x = y ∧A ⊆ [y]
x :: A ≡ x :: x :: A x :: y :: A ≡ y :: x :: A

x ∈ A→ A ≡ x :: A

Exercise 5 Prove Fact 4. None of the claims needs induction.

Two lists are disjoint if they don’t have a common element.

A ‖ B := ¬∃x. x ∈ A∧ x ∈ B

Fact 6 List disjointness is symmetric. Moreover, we have the following properties:

a) A ‖ nil

b) A ⊆ A′ → A′ ‖ B → A ‖ B
c) A ≡ A′ → A ‖ B ↔ A′ ‖ B

Exercise 7 There are elegant inductive characterisations of membership and dis-

jointness for lists:

x ∈ x :: A

x ∈ A
x ∈ y :: A A ‖ nil

x ∉ A A ‖ B
A ‖ x :: B

a) Define the inductive predicate for membership and show that it agrees with the

recursive membership predicate.

b) Define the inductive predicate for disjointness and show that it agrees with the

non-inductive disjointness predicate.
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3 List Operations

We define the operations length (lenA), concatenation (A++B), map (f@A), and

filter (A |f ) for lists. The operations are defined as recursive functions with the

types

len : ∀X. LX → N @ : ∀XY. (X → Y)→ LX → LY

++ : ∀X. LX → LX → LX | : ∀X. LX → (X → B)→ LX

and the equations

len nil = 0 f@nil = nil

len (x :: A) = S (len A) f@(x :: A) = fx :: (f@A)

nil++B = B nil |f = nil

(x :: A)++B = x :: (A++B) (x :: A) |f = if fx then x :: (A |f) else A |f

Fact 8 (Membership)

x ∈ A++B ↔ x ∈ A∨ x ∈ B
x ∈ f@A ↔ ∃a. a ∈ A∧ x = fa
x ∈ A |f ↔ x ∈ A∧ fx = true

Fact 9 (Inclusion)

A ⊆ A′ → B ⊆ B′ → A++B ⊆ A′++B′

A ⊆ A′ → f@A ⊆ f@A′

A ⊆ A′ → A |f ⊆ A′ |f
(∀x. x ∈ A→ fx = true→ gx = true)→ A |f ⊆ A |g
A++B ⊆ C ↔ A ⊆ C ∧ B ⊆ C
A |f ⊆ A

Fact 10 (Length)

len (A++B) = lenA+ lenB lenA = 0↔ A = nil

len (f@A) = lenA len (A |f) ≤ lenA

Fact 11 (Associativity) A++(B++C) = (A++B)++C .

Fact 12 (Filter Equations)

(A++B) |f = (A |f)++(B |f) (∀x. x ∈ A→ fx = true)→ A |f = A
(A |f) |g = (A |g) |f (∀x. x ∈ A→ fx = gx)→ A |f = A |g
(A |f) |g = A |(λx.fx &gx)
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4 Setoid Rewriting

It is possible to rewrite a claim or an assumption in a proof goal with a logical

equivalence P ↔ P ′ or a list equivalence A ≡ A′, provided the subterm P or A to

be rewritten occurs in a compatible position. This form of rewriting is known as

setoid rewriting. The following facts identify compatible positions by means of

compatibility laws.

Fact 13 (Compatibility laws for logical equivalence)

Let P ↔ P ′ and Q ↔ Q′. Then:

P ∧Q ↔ P ′ ∧Q′ P ∨Q ↔ P ′ ∨Q′ (P → Q)↔ (P ′ → Q′)
¬P ↔ ¬P ′ (P ↔ Q)↔ (P ′ ↔ Q′)

Fact 14 (Compatibility laws for list equivalence)

Let A ≡ A′ and B ≡ B′. Then:

x ∈ A↔ x ∈ A′ A ⊆ B ↔ A′ ⊆ B′ A ≡ B ↔ A′ ≡ B′

A++B ≡ A′++B′ f@A ≡ f@A′ A |f ≡ A′ |f
x :: A ≡ x :: A′

Coq’s setoid rewriting facility makes it possible to use the rewriting tactic for

rewriting with equivalences, provided the necessary compatibility laws and equiva-

lence relations have been registered with the facility.

Exercise 15 Which of the compatibility laws are needed to justify rewriting the

claim ¬(x :: (f@A)++B) with the equivalence A ≡ A′ ?

5 Duplicate-Freeness and Cardinality

A list is duplicate-free if none of its elements appears twice. Formally, we define

duplicate-free lists with an inductive predicate:

dupfree nil

x ∉ A dupfreeA

dupfree (x :: A)

Fact 16 dupfree (x :: A)↔ x ∉ A∧ dupfreeA.

A list has cardinality n if it has exactly n elements. Formally, we define the

cardinality relation with an inductive predicate:

card nil 0

x ∈ A cardAn

card (x :: A)n

x ∉ A cardAn

card (x :: A) (Sn)
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Fact 17

1. cardAn→ n ≤ lenA.

2. dupfreeA→ cardAn↔ lenA = n.

3. dupfreeA↔ cardA(len A).

Exercise 18 Define recursive predicates D and C such that DA ↔ dupfreeA and

CAn↔ cardAn. Recall the recursive membership predicate.
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