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1 Boolean Deciders

A boolean decider for a predicate p : X → P is a function f : X → B such that

∀x. px ↔ fx = true. We say that a predicate is functionally decidable if it has

a boolean decider.

Coq’s type theory is designed such that every function that can be described

with a closed term is algorithmically computable. Thus every functionally decidable

predicate is algorithmically decidable. Algorithmic decidability of a predicate p
means that there is an algorithm that for every x returns either true or false, where

true asserts that px has a proof, and false asserts that ¬px has a proof.

There is a weaker notion of decidability related to excluded middle. We say

that a function f : ∀x. px ∨¬px is a logical decider for p, and that a predicate is

logically decidable if it has a logical decider. Note that a logical decider for p is a

proof of ∀x. px ∨¬px.

Fact 1 Functionally decidable predicates are logically decidable.

Proof Let f be a boolean decider for p. We have either fx = true or fx = false.

If fx = true, then px by the assumption. If fx = false, we assume px and obtain

fx = true by the assumption. Contradiction. �

The converse of Fact 1 is not true. Given a logically decidable predicate p, the

elim restriction prevents us from constructing a boolean decider for p in the obvi-

ous way. On the other hand, if we can describe a logical decider for p with a closed

term, we can also construct a boolean decider for p. This is an observation about

Coq’s type theory that we cannot prove within Coq’s type theory.

1



2 Informative Deciders

We define strong disjunctions P ∨̇Q as non-propositional types using an inductive

definition:

∨̇ : P→ P→ T

L∨̇ : ∀PQ. P → P ∨̇Q
R∨̇ : ∀PQ. Q → P ∨̇Q

Note that the definition of strong disjunctions mirrors the definition of proposi-

tional disjunctions with the single difference that strong disjunctions are not placed

in the propositional universe. We call the elements of strong disjunctions decisions.

Since decisions are proper values rather than proofs, we can freely match on deci-

sions.

We shall use the notation decP := P ∨̇¬P . Given a proposition P , we call the

elements of decP decisions for P .

Fact 2 There are functions P ∨̇Q → P ∨Q and decP → P ∨¬P .

Fact 3 (Transfer) There is a function P ↔ Q → decP → decQ.

Fact 4 The propositions > and ⊥ have decisions. Moreover, there are functions

yielding decisions for P → Q, P ∧Q, P ∨Q, P ↔ Q, and ¬P given decisions for P
and Q.

An informative decider for a predicate p : X → P is a function ∀x. dec (px).

Fact 5 A predicate has an informative decider if and only if it has a boolean decider.

Fact 6 (Quantification over lists) There are functions yielding decisions for

∃x. x ∈ A∧ px and ∀x. x ∈ A→ px given an informative decider for p.

Proof We can construct decisions for ∃x.x ∈ A ∧ px and ∀x. x ∈ A → px by

induction on A using the informative decider for p. �

The notions of boolean and informative deciders and of functional and logical

decidability generalise to predicates with n ≥ 1 arguments, and so do Facts 1 and 5.

To establish functional decidability of predicates, we have two complementary

options: Either we construct a boolean decider and verify its correctness, or we con-

struct an informative decider. In contrast to a boolean decider, which comes with

a separate correctness proof, the correctness of an informative decider is already

ensured by its type. We may say that an informative decider interleaves the con-

struction of a boolean decision with the correctness proof for the decision. With
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Coq, the interleaved construction can be realized conveniently by constructing the

informative decider interactively with tactics.

While less convenient, working with boolean deciders has the advantage of mod-

ularity since the algoritm is separated from the correctness proof.

Exercise 7 Why does P ↔ Q → decP ↔ decQ not type check?

Exercise 8 Prove (∃H : decP.>)↔ (∃b. P ↔ b = true).

Exercise 9 We write xmP := P ∨ ¬P . Note the analogy with decP . We call the

elements of xmP weak decision for P .

a) Prove decP → xmP .

b) Let xmP and xmQ. Prove xm (P → Q), xm (P ∧Q), xm (P ∨Q), xm (P ↔ Q),
and xm (¬P).

c) Let ∀x. xm (px). Prove xm (∃x. x ∈ A∧ px) and xm (∀x. x ∈ A→ px).

3 Opaque Constants

Coq accommodates theorems (or facts, lemmas, corollaries)1 as opaque constants.

An opaque constant is a name c that comes with a type t and that represents an

anonymous member of t. We refer to t as the type of c. When we state a theo-

rem, we state a name c and a type t. When we prove the theorem, we construct a

term s whose type is t. The opaque constant c becomes available only after we have

constructed the justifying term s.
The type of a theorem may be propositional or non-propositional. It turns out

that non-propositional opaque constants are as useful as propositional opaque con-

stants. We will accommodate informative deciders as opaque constants.

The justifying term of a theorem is constructed with a script starting with the

command Proof and ending with the command Qed. Between the two commands

one writes tactic commands that construct the term justifying the theorem. Coq’s

tactic language doesn’t make a difference between goals for propositional types and

goals for non-propositional types.

It is crucial that the declaration of an opaque constant c : t is justified with a

term of type t. Otherwise, one could just declare an opaque constant c : ⊥ and

invalidate all further proofs.

1 It does not make a formal difference whether a theorem is stated as a theorem, fact, lemma, or
corollary. We are using “theorem” for theorems stating major results, “fact” for theorems stating
ordinary results, “corollary” for prominent consequences of theorems, and “lemma” for technical
results needed for facts and theorems.
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It is also crucial that an opaque constant does not reduce to its justifying term.

This way definitions and proofs using the opaque constant are generic in that they

will go through with every member of the type of the constant.

To declare an opaque constant c : t, one has to provide a justifying term s such

that the definition c : t := s type checks. If the type t of the opaque constant is non-

propositional, a proof of ∃x : t.> will not suffice as justification for the declaration

of the constant due to the elim restriction.

Informally, we speak of opaque functions and functions that compute. An

opaque function is an opaque constant whose type is functional. A function that

computes is a term that reduces to a lambda abstraction or a recursive abstraction.

Typical examples of functions that compute are addition of numbers and concate-

nation of lists.

Since the only thing we know about an opaque constant is its type, the type of

an opaque constant must be informative for the constant to be useful. An opaque

constant of type N is useless since we could employ the constructor 0 in place

of the constant. However, an opaque constant of type ∀n : N∀A : L N. dec (x ∈ A)
provides us with an informative decider for membership in lists of numbers.

If we realize Facts 3 and 6 as theorems in Coq, it becomes clear that the facts

establish informative deciders as opaque functions:

c1 : ∀PQ : P. P ↔ Q → decP → decQ

c2 : ∀X : T ∀p :X→P. (∀x. dec (px))→ ∀A. dec (∃x. x ∈ A∧ px)
c3 : ∀X : T ∀p :X→P. (∀x. dec (px))→ ∀A. dec (∀x. x ∈ A→ px)

We observe that there is quite some distance between the informal statement of the

facts and their formal elaboration in Coq’s type theory.

We will declare informative deciders in Coq as opaque constants. Since the type

of an informative decider carries all necessary information about the decider, there

is no need to compute with informative deciders. Moreover, since the construction

of informative deciders involves the construction of proofs, it is convenient and

natural to obtain informative deciders with Coq’s interactive tactic language.

Exercise 10 Let f be a boolean decider for p : X → P.

a) Write and verify a boolean decider for λA.∀x. x ∈ A→ px.

b) Declare an informative decider for λA.∃x. x ∈ A∧ px.

Exercise 11 Let f be an informative decider for λxy :X. x=y . Declare informa-

tive deciders for λxA. x∈A and λAB. A⊆B. The variables A and B range over lists

over X. Exploit Fact 6.

Exercise 12 Declare an informative decider for the inductive predicate x ≤ y on

numbers.
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4 Discrete Types

We call a type X discrete if its equality predicate λxy :X. x=y is functionally

decidable.

Fact 13 (Discrete types) ⊥, >, B, and N are discrete types. Moreover, X×Y and LX
are discrete types if X and Y are discrete types.

Fact 14 (List membership) There are informative deciders for x ∈ A, A ⊆ B, A ≡ B,

and A ‖ B provided A and B are lists over a discrete type.

Proof The claims follow with Fact 6. For x ∈ A we use Fact 3 and the equivalence

x ∈ A↔ ∃z. z ∈ A∧ z = x. �

The formulation of Fact 14 is deliberately sloppy. What we mean are informative

deciders for the binary predicates abstracting the given propositions.

We will represent discrete types as pairs (X, f ) consisting of a type X and an

informative decider f for the equality predicate of the type. In fact, we define an

inductive type whose elements are all pairs (X, f ) representing a discrete type:

Tdis : T

Cdis : ∀X. (∀xy :X. dec (x=y))→ Tdis

We call the elements of Tdis discrete types.2 We define projections π1 and π2 for

discrete tyes as one would expect:

π1 : Tdis → T

π1 (CdisX f) = X

π2 : ∀D : Tdis. ∀xy :π1D. dec (x=y)
π2 (CdisX f) = f

Note that the type of π2 is formulated using π1. This is necessary since the

type of the second component f of a discrete type CdisX f depends on the first

component X. To type check the specifying equation for π2, the conversion

π1(CdisX f) ≈ X is needed.

Given a discrete type X : Tdis, we shall abbreviate π1X to just X if it appears

in a position requiring a type. With this device we can write, for instance, the

type of π2 more succinctly as ∀X : Tdis. ∀xy :X. dec (x=y). Coq supports this

2 There is a deliberate sloppiness in our language in that we use the phrase “discrete type” with two
related but different meanings: A discrete type may either be a type with a functionally decidable
equality predicate or a member of the inductive type Tdis. When speaking formally, we mean by a
discrete type an element of the inductive type Tdis.
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notational device through the declaration of coercions. If a function is declared

as a coercion, it may be omitted and Coq will insert it automatically to resolve the

typing conflict resulting from the omission.

In Coq, one uses the command Structure to define an inductive type with a single

value constructor together with its projections. If desired, one or several of the

projections can be declared as coercions.

Exercise 15 Assume a discrete type X.

a) Define a function rem : X → LX → LX such that z ∈ remxA ↔ z ∈ A ∧ z ≠ x.

Prove the correctness of your function.

b) Declare an informative decider mem : ∀x :X∀A : LX. dec (x ∈ A).
c) Define an inductive predicate ‖ : LX → LX → P satisfying

A ‖ nil and A ‖ x :: B ↔ x ∉ A∧A ‖ B.

d) Declare an informative decider for ‖.
e) Define a boolean decider for ‖ and prove its correctness.

Exercise 16 Assume discrete types X and Y .

a) Define a discrete type D such that π1D ≈ LX.

b) Define a discrete type E such that π1E ≈ X × Y .

c) Define a discrete type N such that π1N ≈ N.

Exercise 17 Define an inductive type B and functions P1 : B → T,

P2 : ∀X : B. P1X → P1X → B, and F : Tdis → B such that:

i) ∀X :B∀xy : P1X. x = y ↔ P2xy = true.

ii) ∀X : Tdis. P1(FX) = π1X.

Think of the elements of B as triples consisting of a type X, a boolean decider for

the equality predicate of X, and a correctness proof for the boolean decider.

a) Define the third projection P3.

b) Prove (i).

c) Prove (ii).

d) Define a function G : B → Tdis such that π1(GX) ≈ P1X for X : B.

First define B and the projections Pi using Coq’s structure command. Then define B
and the projections without using Coq’s structure command.

5 Upper Corners

It will be often necessary to derive a decision for a proposition P . If there are enough

informative deciders in the context, deriving such a decision is routine. We shall
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write [P\ for a decision for a proposition P that can be derived with informative

deciders in the context. The notational device [P\ can be realized in Coq using an

automated inference technique coming with type classes.

Fact 18 Let X be a discrete type, x and y be of type X, and A and B be lists over X.

Then the decisions [x = y\, [A = B\, [x ∈ A\, [A ⊆ B\, [A ≡ B\, and [A ‖ B\ are

all derivable.

Proof Follows with the informative deciders established by Facts 13 and 14. �

We can now define a function Card that yields the cardinality of a list over a

discrete type:

Card : ∀X : Tdis. LX → N

Card nil = 0

Card (x :: A) = if [x ∈ A\ then CardA else S(CardA)

Fact 19 Let A be a list over a discrete type. Then cardAn↔ CardA = n.

Proof Direction → follows by induction on cardAn. The other direction follows

from cardA(CardA), which follows by induction on A. �

Fact 20 λX : Tdis, A : LX, n : N. cardAn is functionally decidable.

Proof Follows with Facts 3 and 19 since equality of numbers is functionally decid-

able (Fact 13). �

Exercise 21 Let P be a proposition. Give the type of [P\.

Exercise 22 Show that duplicate freeness of lists over discrete types is functionally

decidable.
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