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We discuss the fact that Coq’s type theory cannot prove that trivial equa-

tions x = x have only one proof. The weakness comes from the typing rule

for matches that requires a return function, which for the candidate match

needed for the uniqueness proof does not exist.

We study return functions for matches on identity proofs with a strong

inversion lemma modeling general matches on identity proofs.

Uniqueness of identity proofs can be shown for types with logically decid-

able equality. This result is known as Hedberg’s theorem. We prove Hedberg’s

theorem using the insights obtained with return functions and the strong in-

version lemma.

1 Return Functions

Recall the inductive predicate for propositional equality:

eq : ∀X : T. X → X → P

Q : ∀X : T, x :X. eq X xx

The first two arguments of eq are parameters, and the third argument is an index.

If the second argument of eq is given, the first argument of eq can be derived. Thus

we write x = y for eq _xy . Proofs of equations s = t are called identity proofs.

Let X be a type and let x and y be variables of type X. Then Qx is a proof of

the equation x = x. One would expect that the equation x = x has no other proof

but Qx. However, it turns out that we cannot prove

∀α : x=x. α = Qx

This is surprising since one would expect that a simple match on α settles the

problem. The problem is that such a match is ill-typed. For the match to be well-

typed we need a return function

p : ∀y. x = y → T
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such that pxα ≈ (α = Qx) for every α : x=x. Such a return function does not

exist.

Coq’s type theory is designed such that every match needs a return function

that yields both the type of the entire match and the return types of the clauses

of the match. The return function takes as arguments the index values and value

the match is on. In our case this means pxα ≈ (α = Qx) for the entire match and

px(Qx) ≈ (Qx = Qx) for the single clause of the match. Given that p must have

the type ∀y∀β :x=y. T, writing p such that pxα ≈ (α = Qx) for α : x=x seems

impossible. Note that the candidate λy. λβ :x=y. β = Qx does not type check.

A good way to understand the typing of matches are inversion lemmas. It turns

out that a match can only be type checked if it can be abstracted into an inversion

lemma.

Let’s look at the standard inversion lemma for eq we have seen before:

Inveq : ∀X : T, x :X, p :X→T. px → ∀y. x = y → py

This lemma is too weak for our purposes since the proof of x = y is not given as an

argument to the function p. The problem with the missing argument can be solved

with a strong inversion lemma for eq:

sInveq : ∀X : T, x :X, p : (∀y. x = y → T).

px(Qx)→ ∀y∀α :x=y. pyα

Here the function p is exactly the return function needed for the justifying match.

While we can do interesting proofs with the strong inversion lemma for eq, it

does not suffice to prove ∀α : x=x. α = Qx. As discussed before for matches, the

problem is that we cannot give a suitable return function p.

Exercise 1 Prove the strong inversion lemma for eq.

2 Hedberg’s Theorem

Hedberg’s theorem says that every type with logically decidable equality has unique

identity proofs. Hedberg’s theorem may be seen as a localised version of the the-

orem saying that excluded middle entails proof irrelevance in that it assumes ex-

cluded middle only for equations and obtains proof irrelevance only for equations.

Theorem 2 Let X be a type such that x = y ∨ x ≠ y for all x and y in X. Then

x = y is pure for all x and y in X.
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Proof Let X be a type and d : ∀xy :X. x=y ∨x≠y . We define three functions f , g,

and h transforming identity proofs over X:

fxy(α :x=y) : x=y := match dxy [Lγ ⇒ γ | R _⇒ α]
gxyz(α :x=y)(β :x=z) : y=z := match α [Q _⇒ β]

hxy(α :x=y) : x=y := g(f(Qx))α

It suffices to show the following equations for all x and y in X and all proofs α
and β of x = y :

(1) fα = fβ
(2) h(fα) = α

Equation (1) follows with case analysis on dxy , where the second case is con-

tradictory since α and β are proofs of x = y . Equation (2) follows with elim-

ination of α, which leaves us with h(f(Qx)) = Qx. By conversion it suffices

to show g (f(Qx)) (f (Qx)) = Qx. By elimination of f(Qx) it suffices to show

g (Qx) (Qx) = Qx, which follows by conversion. �

The proof of Hedberg’s theorem is unusual in that it exploits conversion for

functions transforming identity proofs. The main trick consists in setting up the

inverse h of f such that the elimination of identity proofs needed for the proof of

h(fα) = α does not cause typing conflicts. In fact, both eliminations needed for (2)

can be obtained by applications of the strong inversion lemma for eq.

Exercise 3 Prove Hedberg’s theorem using the strong inversion lemma rather than

matches on identity proofs.
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