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1 Option Types

We define a family of option types OX with an inductive definition:

O : T→ T

b c : ∀X. X → OX

� : ∀X. OX

The elements of an option type OX are the elements of X tagged with the construc-

tor b c (read some) plus an extra element � (read none). If OX appears as the result

type of a function, the extra element � may be used to say that the function failed

to obtain a value of X.

We handle the first argument of the value constructors b c and � as implicit

argument (i.e., we don’t write it). For instance, in a context that requires a term of

type O(ON), bb�cc abbreviates the term bb�NcONcO (ON).

Fact 1 OnX is a discrete type with exactly n elements.

Exercise 2 Show that OX is discrete if and only if X is discrete.

Exercise 3 Show that O(O⊥) has exactly two elements.

Exercise 4 A type is listable if there is a list containing all elements of the type.

a) Prove that a type X is listable if and only if OX is listable.

b) Prove that On⊥ is listable.

c) Prove that N is not listable.
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2 Certifying Deciders

Let X be a type and f : X → B. We already know that we can define an boolean

decider for the predicate λA.∃x ∈ A. fx = true. Using option types, we can rewrite

the boolean decider into a certifying decider

find : LX → OX

find nil = �

find (x :: A) = if fx then bxc else findA

which, in the positive case, delivers a witness for the existential claim

∃x ∈ A. fx = true

By induction on A we can prove two correctness properties for find:

1. If find A = bxc, then x ∈ A and fx = true.

2. If find A = � and x ∈ A, then fx = false.

In fact, we can prove a stronger version of the second correctness property saying

that, in the positive case, find yields the first element of the list satisfying the test:

3. If find A = bxc, then ∃A1A2. A = A1++(x :: A2)∧fx = true∧∀z ∈ A1. fz = false.

Exercise 5 Prove the correctness properties for find.

Exercise 6 The correctness properties for find can be combined into a single cor-

rectness property using a match:

match find A

[ bxc ⇒ ∃A1A2. A = A1++(x :: A2)∧ fx = true∧∀z ∈ A1. fz = false

| �⇒ ∀x. x ∈ A→ fx = false ]

a) Prove that find satisfies the combined correctness property.

b) Prove that two functions that satisfies the combined correctness property agree

on all arguments.

3 Sum Types and Sigma Types

Like boolean deciders, certifying deciders can be characterized with informative

types specifying their correctness properties. For find, we may start with the propo-

sitional type

∀A. (∃x. x ∈ A∧ fx = true)∨ (∀x ∈ A. fx = false)
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To turn this propositional type into a proper type providing for the unrestricted

elimination of the existential witness, we shall employ strong versions of the ap-

pearing disjunction and existential quantification. The necessary strong versions

of disjunctions and existential quantifications are known as sum types and sigma

types.

Sum types X + Y are obtained with the inductive definition

+ : T→ T→ T

L+ : ∀XY : T. X → X + Y
R+ : ∀XY : T. Y → X + Y

Sum types are like disjunctions, with the difference that sum types are proper types,

and that the constituents of sum types can be general types, not just propositions.

Since sum types are proper types, they are not affected by the elim restriction.

Sigma types ΣXp are also defined inductively:

Σ : ∀X : T. (X → T)→ T

EΣ : ∀X : T ∀p :X → T. px → ΣXp

We handle the first argument of the constructors Σ and EΣ as implicit argument and

think of the elements of ΣXp as pairs (x,a) consisting of an element x of X and an

element a of px. Note that the type of the second element a depends on the first

element x through the function p. Sigma types are als known as dependent pair

types.

Sigma types are like existential quantifications, with the difference that sigma

types are proper types, and that the function p can target all types, not just propo-

sitions. Sigma types are not affected by the elim restriction.

We define two projections π1 and π2 for sigma types as follows:

π1 : ∀X : T ∀p : (X → P). Σp → X
π1(EΣ x a) = x

π2 : ∀X : T ∀p : (X → P) ∀b : Σp. p(π1b)

π2(EΣ x a) = a

We call sigma types Σp where p is a predicate refinement types and introduce

the following notations for sigma types and refinement types:

Σx. s := Σ(λx.s)

{x | s } := Σ(λx.s) provided s is a proposition

We can now declare a function

Find : ∀A. {x | x ∈ A∧ fx = true } + (∀x ∈ A. fx = false)
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using the script that proves the propositional weakening of the type of Find

∀A. (∃x. x ∈ A∧ fx = true)∨ (∀x ∈ A. fx = false)

we started with above.

We call the function Find an informative certifying decider to distinguish it

form the boolean certifying decider find defined before.

Given the informative certifying decider Find, we can obtain a boolean certifying

decider

find′ A := match Find A [ L (Ex _)⇒ bxc | R _⇒ � ]

satisfying the correctness properties (1) and (2) stated for find. To prove the correct-

ness properties, only the informative type of Find is needed. The native decider find

and the derived decider find′ differ in that the native decider comes with stronger

computation rules.

Exercise 7 Declare an informative decider Find and define a boolean decider find′

as shown above. Prove that find′ satisfies the correctness properties (1) and (2)

stated for find.

Exercise 8 State the informative type for a certifying decider that yields the first

element of a list satisfying a boolean test. Declare such a certifying decider.

Exercise 9 Let f : N → B. We consider functions that given a number n yield the

smallest number k ≤ n such that fk = true provided there is one.

a) Formalize the specification with a predicate spec : (N→ ON)→ P.

b) Formalize the specification with an informative type Spec.

c) Define a function ϕ : N→ ON satisfying the specification and prove spec ϕ.

d) Show that all functions satisfying the predicate spec agree on all arguments.

e) Declare a function of type Spec.

f) Show that every function N→ ON extracted from a function of type Spec satisfies

the predicate spec.

Exercise 10 Show that X + Y is listable if and only if both X andY are listable.

Exercise 11 Show that X + Y is discrete if and only if both X andY are discrete.

4 Choice Functions

A choice function for a type X is a function∀p : (X → P). ∃p → Σp. We may say that

a choice function for X bypasses the elim restriction for existential quantifications

over X. It turns out that given a choice function for B, we can also bypass the elim

restriction for disjunctions.
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Fact 12 Let a choice function for B be given. Then we can declare a function

∀PQ. P ∨Q → P +Q.

Proof Let P ∨ Q. We define a predicate p : B → P by pb := if b then P else Q.

We have ∃b.pb. The choice function for B gives us some b such that pb. By case

analysis on b we have either P or Q. �

We define three types:

Choice := ∀X : T ∀p : (X → P). ∃p → Σp universal choice functions

CID := ∀X : T. X + (X → ⊥) certifying inhabitation deciders

XM := ∀P : P. P ∨¬P logical deciders

Fact 13 There are functions CID→ XM, CID→ Choice, and Choice→ XM→ CID.

Proof The first claim is obvious. The function for the second claim uses the certi-

fying inhabitation decider for Σp to obtain a function ∃p → Σp. The function for

the third claim obtains a decision for X + (X → ⊥) by first deciding ∃x :X. > using

Fact 12. In the positive case, a choice function for X yields an element of X. In the

negative case, we assume an element of X and obtain a contradiction. �

Exercise 14 Show that the types ⊥ and > have choice functions.

Exercise 15 Let R : X → Y → P be a binary predicate such that ∀x ∃y. Rxy , and

let a choice function for Y be given. Show that there exists a function f such that

∀x. Rx(fx). One speaks of a Skolem function for R.

5 Diaconescu’s Theorem

Diaconescu’s theorem says that the existence of an extensional choice function for

a type with more than one element entails excluded middle.

Let X be a type. We say that two unary predicates p and q on X are equivalent if

∀x. px ↔ qx. We say that a choice function γ for X is extensional if π1(γpH1) =
π1(γqH2) whenever p and q are equivalent predicates, H1 : ∃x.px, and H2 : ∃x.qx.

Theorem 16 (Diaconescu) If there exists a type with at least two elements and an

extensional choice function, then ∀P. P ∨¬P .

Proof Let X be a type, a ≠ b be two elements of X, and γ be an extensional choice

function for X. Let P be a proposition. We show P ∨¬P .

We define two predicates px := P ∨x = a and qx := P ∨x = b. There are proofs

H1 : ∃x.px and H2 : ∃x.qx. Since γ is a choice function, we have p(π1(γpH1))

5



and q(π1(γqH2)). By the disjunctive definition of p and q we have either P or

π1(γH1p) = a and π1(γH2q) = b. If we have P , we are done. Otherwise, we

assume P and show a = b. By extensionality of γ it suffices to show that p and q
are equivalent. Holds since P holds. �

We remark that in Coq’s type theory the assumption that every inhabited type

has an extensional choice function is consistent.
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