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1 Introduction

A constructive choice function for a type X is a function

∀p : (X → P). (∀x. dec (px))→ ∃p → Σp

that may be understood as a choice function that can only be applied to decidable

predicates. It turns out that Coq can define constructive choice functions for num-

bers and more generally for all countable types. A countable type is a type that can

be embedded into the numbers. Examples of countable types are N, B, and L N.

2 Strong Inductive Predicates

The ability to define constructive choice functions crucially depends on the pres-

ence of inductive predicates that are not subject to the elim restriction. We call

such predicates strong inductive predicates. Strong inductive predicates are ex-

empted from the elim restriction since matches for these predicates cannot conflict

with the assumption of proof irrelevance.

Coq accommodates two classes of strong inductive predicates. The first class

consists of all inductive predicates that have no proof constructor. The useful mem-

ber of this class is ⊥ (a predicate with zero arguments). The second class of strong

inductive predicates consists of all inductive predicates with a single proof con-

structor whose arguments are either proofs or appear as arguments in the target

type of the constructor.

An important example of a strong inductive predicate with a single proof con-

structor is propositional equality:

eq : ∀X : T. X → X → P

Q : ∀X : T, x :X. eq X xx
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Note that the both arguments X and x of the proof constructor Q appear as argu-

ments of the target type.

Another example of a strong inductive predicate is conjunction:

∧ : P→ P→ P

C∧ : ∀XY : P. X → Y → X ∧ Y

Here the proof constructor C∧ takes four arguments: The first two arguments X
and Y appear as arguments of the target type, and the remaining two arguments

are proofs.

An example of an inductive predicate with a single proof constructor that is not

strong is existential quantification:

∃ : ∀X : T. (X → P)→ P

E∃ : ∀X : T ∀p : (X → P)∀x :X. px → ∃Xp

Here the third argument x of the proof constructor E∃ is neither a proof nor does it

appear as an argument of the target type. Consequently, the inductive predicate ∃
is not exempted from the elim restriction. Note that the critical argument x of the

proof constructor E∃ represents the witness of the existential proof.

Exercise 1 Declare a choice function for ⊥. Explain where in the declaration the

fact that matches for ⊥ are exempted from the elim restriction is used.

Exercise 2 Declare a constructive choice function for B. Explain where in the dec-

laration the fact that matches for ⊥ are exempted from the elim restriction is used.

Exercise 3 We define two inductive predicates:

F : P G : P

CF : N→ F → F CG : (N→ G)→ G

a) Say for F and G whether they are exempted from the elim restriction.

b) Declare constructive choice functions for F and G.

3 Accessibility Predicate

The choice function we are looking for needs to come up with an n such that pn.

Given that p is decidable, a straightforward search procedure testing p for 0, 1, 2,

and so on until an n satisfying p is found can do the job. If there is an n satisfying p,

the procedure will in fact terminate with the least n satisfying p.
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Since Coq’s type theory admits only structural recursion, the search procedure

cannot be realized directly. However, it turns out that we can define a strong induc-

tive predicate acc : N → P and two functions ϕ : ∃p → acc 0 and ψ : ∀n. accn → N

such that ψna is the least number k ≥ n satisfying p. This suffices for the defini-

tion of a constructive choice function for numbers. The mediating predicate acc is

called an accessibility predicate and is defined such that ψ can perform the search

for a k ≥ n satisfying p by recursion on (a proof of) accn. Since acc is a predicate,

the construction of the function ϕ will just be a regular proof that obtains a wit-

ness n for ∃p and continues by induction on n. Moreover, since there is no elim

restriction for acc, the definition of the ψ by recursion on accn will also be routine.

We assume a predicate p : N → P and define the accessibility predicate as

follows:

acc : N→ P

Acc : ∀n. (¬pn→ acc (Sn))→ accn

Note that the proof constructor Acc takes two arguments, where the first argument

appears as the argument of the target type and the second argument is a proof.

Thus the accessibility predicate acc is exempted from the elim restriction.

The proof constructor Acc is unusual in that it has a premise that is an implica-

tion. Displayed as an inference rule, the proof constructor Acc looks as follows:

¬pn→ acc (Sn)

accn

The premise provides for recursion, but in case pn holds, the premise follows by

contradiction and no recursion is needed.

Fact 4 pn→ accn.

Proof Let pn. Using Acc, we assume ¬pn and show acc (Sn). Contradiction with

the assumption pn. �

Lemma 5 ∀k. p(n+ k)→ acck.

Proof By induction on n. For n = 0, the claim follows with Fact 4. For the induction

step, let p(Sn+k). We show acck. Using Acc, we assume ¬pk and show acc (Sk). By

the induction hypothesis it suffice to show p(n+Sk). Follows since Sn+k = n+Sk.�

Lemma 6 ∃p → acc 0.

Proof Follows with Lemma 5. �

Exercise 7 Show accn↔ (¬pn→ acc (Sn)).

3



4 Constructive Choice for Numbers

We can now declare a constructive choice function for numbers.

Lemma 8 Let p : N → P and d : ∀n. dec (pn) be given. Then there is a function

∀n. accn→ Σp.

Proof By induction on acc. Let ¬pn → Σp. We show Σp by case analysis on dn.

If pn, we are done. If ¬pn, the claim follows with ¬pn→ Σp. �

Theorem 9 (Constructive Choice for Numbers) There is a function

∀p : (N→ P). (∀n. dec (pn))→ ∃p → Σp.

Proof Follows with Lemmas 6 and 8. �

Exercise 10 Let p be decidable. Show accn↔ ∃k. p(n+ k).

5 Least Choice

We define a predicate

leastpnk := pk∧n ≤ k∧∀m. pm → n ≤m → k ≤m

that holds if k is the least number equal or greater than n satisfying p.

Fact 11

1. pn→ leastpnn.

2. ¬pn→ leastp (Sn)k→ leastpnk.

3. Let ∀n. pn↔ p′n. Then leastpnk→ leastp′nk′ → k = k′.

Exercise 12 Let p : N → P and d : ∀n. dec (pn) be given. Declare functions of the

following types.

a) ∀n. accn→ Σ(leastpn).

b) ∃p → Σ(leastp 0).

Exercise 13 (Extensional Constructive Choice Function)

Define a constructive choice function C : ∀p. (∀n. dec (pn)) → ∃p → Σp such that

π1(Cp1d1H1) = π1(Cp2d2H2) whenever ∀n. p1n↔ p2n.
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6 Recursion on Accessibility Proofs and Full Induction

We now define a function first : ∀n. accn→ N such that firstna is the least number

k ≥ n satisfying p. The function assumes a predicate p : N → P and an informative

decider d : ∀n. dec (pn). We define the function as follows:

first : ∀n. accn→ N

first n(Acc _α) = match dn [L∨̇ _⇒ n | R∨̇H ⇒ first (Sn) (αH)]

Coq accepts the definition since the proof αH : acc (Sn) is structurally smaller than

the proof Accnα : accn. Note that the function α is of type ¬pn→ acc (Sn).

Fact 14 p(firstna).

Proof By induction on the accessibility proof a and by case analysis on dn. If pn,

we are done. Otherwise, the claim follows by the induction hypothesis. �

We can also prove the stronger result that firstna is the least number k ≥ n
satisfying p.

Fact 15 leastpn(firstna).

Proof By induction on a using Fact 11. �

If you attempt to do the proofs of Facts 14 and 15 in Coq, you will discover that

the standard induction lemma for acc does not apply to the claim since the claim

refers to the accessibility proof.

Fact 16 (Standard Induction) There is a function

∀q : (N→ T). (∀n. (¬pn→ q(Sn))→ qn)→ ∀n. accn→ qn.

Proof λqh.fixf na. match a [Acc _α ⇒ hn(λH.f(Sn)(αH))]. Coq accepts this

term since (1) there is no elim restriction for acc and (2) the term αH counts as

structurally smaller than a. �

To prove Facts 14 and 15, we strengthen the standard induction lemma such

that the target predicate q takes the proof a : accn as argument.

Fact 17 (Full Induction) There is a function

∀q : (∀n. accn→ T). (∀nα. (∀H. q(Sn)(αH))→ qn(Accnα))→ ∀na. qna.

Proof λqh.fixf na. match a [Acc _α ⇒ hnα(λH.f(Sn)(αH))]. Coq accepts this

term since (1) there is no elim restriction for acc and (2) the term αH counts as

structurally smaller than a. �
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