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1 Retractions

A retraction of a type X consists of a type A and two functions I: A — X and
R:X — OA such that Va. R(Ia) = |a]. We call A the retract and X the origin of

the retraction.

Fact 1 Let (A, I,R) be a retraction of X. Then:

1. I is injective; that is, Vab.Ia = Ib — a = b.

2. If R(Ia) = |b], thena = b.

3. R(Ia) + 0.

4. There is a function Vx. (da.la =x) — {a | Ia = x }.

Proof For Claim 1, let Ia = Ib. Then R(Ia) = R(Ib) and thus [a] = |b]. Hence
a = b since | _] is injective. For Claim 2 follows with a similar argument. Claim 3

follows with the disjointness of | _] and 0.

For Claim 4, let H : 3a. Ia = x. Case analysis on the option Rx. If Rx = (), we go
for a contradiction and destructure H. This yields R (Ia) = @, which is contradictory

by (3). If Rx = |a], we prove Ia = x. Destructuring H vields Ib = x and R(Ib)

la]. Thus b = a by (2) and hence Ia = x.
Fact 2 Retracts of discrete types are discrete.
Proof Follows with a = b — Ia = Ib, which holds since I is injective.

Fact 3 L can be obtained as a retract of every type.

Proof Let X be a type. The functions Ia := match a [] and Rx := () do the job.

Fact 4 (Reflexivity) Every type can be obtained as a retract of itself.

Proof Let X be a type. The functions Ix := x and Rx := [ x] do the job.



Fact 5 (Transitivity) If A is a retract of B and B is a retract of C, then A can be
obtained as a retract of C.

Proof We define Ia := Ig(I4a) and Rc := match Rgc [|b] = Rab | ® = (]. Then
R(Ia) = R(Ig(Ina)) = Ra(Ina) = |a] since Rg(Ig(Ixa)) = [Iaal. "

Fact 6 (Cantor) X — B cannot be established as a retract of X.

Proof Suppose I and R establish X — B as a retract of X. We define a function
f:X — Bsuch that f(If) = negb(f(If)) as follows:

fx := match Rx [|lg] = negb(gx) | 0 = false]
Contradiction since f(If) # negb(f(If)). -

A fixed point of a function f : X — X is an x such that fx = x.

Exercise 7 (Lawvere fixed points) Let X — Y be a retract of X and let Y be inhab-
ited. Show that every function Y — Y has a fixed point.

Hint: Note that the proof of Cantor’s theorem constructs a fixed point of the
function negb : B — B. Also note that Cantor’s theorem is a straightforward conse-
quence of the above result known as Lawvere’s fixed point theorem.

Exercise 8 Declare a function Vx. (3a.la=x) - {a | Rx = |a]}.

2 Retracts and Classes

Given a retraction (A, X,I,R), we call the range of I (i.e., the class Ax.3a.la=x)
the image of the retraction. Note that the elements of the image are in bijective
correspondence with the elements of the retract.

Lemma 9 Images of retractions of discrete types are decidable.

Proof Let A be a retract of a discrete type X. Let x : X. We construct a decision of
da. Ia = x. Case analysis on the option Rx.

Let Rx = (0. We show —3a. Ia = x. Let Ia = x. Then |a] = R(Ia)
Contradiction.

Let Rx = |a]. Suppose Ia + x. We show —3b. Ib = x. Suppose Ib = x. Then
|b| = R(Ib) = Rx = |a]. Thus a = b. Contradiction. -

Rx = 0.

We say that a retraction (A,I,R) of X establishes a class p: X — P if
Vx.px < Jda.la = x.



Theorem 10 Every decidable class can be established with a retraction.

Proof We start with a decider d : Vx. dec (px) for a class p : X — P. We will define
aretraction (A, I,R) of X such that Vx. px - Ja. Ia = x.

Let us first assume that p is pure, that is, VxVap : px. &« = B. Then A := 3p,
Ia :=ma, and Rn := matchdn [La = |[Exx] | R_ = 0] do the job.

If we don’t know whether p is pure, it may be that some px has more than one
proof, which ruins the injectivity of ;.

We define the companion of p and d as Cx := if dx then T else 1. We note
that C is pure and equivalent to p. We fix a function f : Vx. px — Cx. Now the
construction A := 3p, Ia := ma, and Rn := matchdn [Lax = Ex(fxx) | R_ = 0]
does the job. -

Two types A and B are isomorphic if there are functions f: A - Bandg:B — A
such that g(fa) = a and f(g(b)) = b for all a and b. Two retracts A and B of X are
equivalent if their images are equivalent (i.e., Vx. (3a. Ipa = x) < (3b. Igb = x)).

Fact 11 (Isomorphism) Equivalent retracts are isomorphic.
Proof Let A and B be equivalent retracts of X. Declare functions
F : Va:A. {b|Is(a) =1(b)} G : Vb:B.{a|Is(a) =1z(b)}

Now fa := 1 (Fa) and gb := 111 (Gb) do the job. -

3 Tight Retractions

A retraction is tight if Rx = |[a]| — Ia = x for all x and a.

Fact 12 The image of a tight retraction consists of all x such that Rx + 0.
Fact 13 Images of tight retractions are decidable.

Fact 14 (Transitivity) If A is a tight retract of B and B is a tight retract of C, then
A can be obtained as a tight retract of C.

Proof Follows with I and R defined as in the proof of Fact "
Lemma 15 Retracts with decidable images can be obtained with tight retractions.

Proof Let d : Vx. dec (Ja. Ia = x). Define R'x := if dx then Rx else (). We have
R'(Ia) = R(Ia) = |a] for all a. Thus we have a retract with R’ It remains to show
that this retract is tight. Let R’x = |a]. Then R'x = Rx and Ib = x for some b. We
have Rx = R(Ib) = |b] and Rx = |a]. Thus a = b and hence Ia = x. -



Fact 16 Retracts of discrete types can be obtained with tight retractions.
Proof Follows with Lemmas [15] and [9] -
Exercise 17 Show that every type is a tight retract of itself.

Exercise 18 Let (A, I,R) be a retraction of X. We define a function N : X — X as
follows:
Nx:=matchRx [la]l =>Ia |0 = x]

Prove the following:

a) N(Nx) = Nx.

b) N(Ia) = Ia.

¢) Nx = x if the retraction is tight.

4 Inheritance of Choice Functions

Fact 19 Let A be a retract of X. Then A has an [extensional] [constructive] choice
function if X has an [extensional] [constructive] choice function.

Proof We define px := match Rx [la] = pa | ® = 1] for every class p of A. Note
that p is a class of X such that p is satisfiable if and only if p is satisfiable, and p
is decidable if p is decidable. Thus there are functions

f :Vp.dp—3p
g : Vp.decp — decp
h:Vp.Zp-3p

Now let y be a choice function for X. One can verify that
Apo. h(yp(f o))
is a choice function for A. Similarly, if y is a constructive choice function for X,
Apad. h(yp(fx)(gd))

is a constructive choice function for A.
If we want to construct an extensional choice function for A, the type of the
transfer function h is not informative enough. We thus switch to a function

h:VpVYu:3p.{al|panrR(mu)=1al}



We have
(Va.pa - qa) - myu =mv - m(hu) = my(hv)
Now let y be an extensional choice function for X. One can verify that
Apoc E (Tt (h(yp(f)))) (Tt (e (h(yp(f o))

is an extensional choice function for A.
The construction of an extensional constructive choice function for A can be
done analogously. -

Exercise 20 Try to do the proof of Fact[19 with px := (Ja. pa A Ia = x) in place
of p. Find out where the proof breaks. Explain why the classes p and p are not
equivalent.

5 Countable Types

A countable type is a retract of N.

Fact 21 Every countable type can be obtained as a tight retract of N.

Proof Follows with Fact[16]since N is discrete. -
Fact 22 Every countable type is discrete.

Proof Follows with Fact[2] since N is discrete. -
Fact 23 Every countable type is totally ordered by Aab.Ia < Ib.

Theorem 24 Every countable type has an extensional constructive choice function.

Proof Follows with Fact since N has an extensional constructive choice func-
tion. -

Fact 25 Retracts of countable types are countable.

Proof Follows with Fact .
Fact 26 1 and N are countable.

Proof Follows with Facts [3]and .
Fact 27 (Cantor) N — B is not countable.

Proof Instance of Fact[6] -
Exercise 28 Show that T and B are countable.

Exercise 29 Let X be a countable type. Declare a function (3x:X.7T) — X.



6 Enumerable Types

We present a method that makes it easy to establish discrete types as countable

types.
An enumeration of a type X consists of two functions L:N —-LXand f: X — N

such that:
1. VnixA.L(Sn) = Ln+(x :: A); thatis, Ln is a proper prefix of L(Sn).
2. Vx.x € L(Bx).

Fact 30
1. len(Ln) = n.
2. Enumerable types are inhabited.

Fact 31 Enumerable discrete types are countable.
Proof Let (L, ) be an enumeration of X. We define:

Ix := first position of x in L(Bx)

Rn := element at position n of L(Sn) -
Fact 32 Listable discrete types are countable.

Proof Let X be a discrete type and C be list containing all elements of X. If C is
empty, we obtain X as a retract of N with Ix := 0 and Rn := (. If C contains
an element x, it suffices by Fact to establish X as an enumerable type. The

functions LO := C, L(Sn) := Ln + C and Bx := 0 do the job. -
We define an inductive type of binary trees s,t ::= !n | 5.t over N:
tree : T
I N — tree

. tree — tree — tree

Fact 33 tree is countable.

Proof By Fact[31]it suffices to show that tree is discrete and enumerable. Discrete-
ness follows by induction on tree. We define functions L and 8 as follows:

LO = nil B(ln) = Sn
LSn) = In+n:[st|seln,teln] B(s.t) = S(Bs + Bt)
Now s € L(Bs) follows by induction on s. -



Fact 34 LN is countable.

Proof By Fact it suffices to establish LN as a retract of tree. The following
functions do the job:

Inil
In:A)

10 R(n) = [nil]
n.IA R(In.s) match Rs [|A] = |n: Al | 0= 0]
R((s.t).u) 0 n

Theorem 35 Countable types are closed under taking option types, sum types,
product types, and list types.

Proof We show that a sum X + Y of two countable types X and Y is countable. By
Facts[25] and [34] it suffices to establish X + Y as a retract of LN.

I(L; x)
IRy y)

[0, Ix(x)] R[0,n]

[1,Iy(»)]  RI[L,n]
RA

match Rx(n) [Ix] = [L+x] | 0 = 0]
match Ry(n) [ly] = [R  y] |0 = 0]

] otherwise -

Fact 36 Inhabited countable types are enumerable.

Proof Let X be countable with I : X — N and R : N — OX. The function from
Exercise 29| gives us xq : X. Now the following functions do the job:

LO = nil Bx = S(Ix)
L(Sn)

In+[matchRn [|x]=x|0= xo]] m

Exercise 37 The proof of Fact[33|employs a function pro from lists of trees to lists
of trees such that s.t € proAB - s € AAt € B for all trees s an t. Write such a
function and verify the equivalence.

7 Normalisers

A normaliser is a function n : X — X such that n(nx)) = nx for all x. Normalisers
are also known as idempotent functions.

An equivalence relation on a type X is a predicate R : X — X — P that is reflexive,
symmetric, and transitive. We say that a normaliser n on a type X establishes an
equivalence relation R on X if Vxy. Rxy - nx = ny.



Lemma 38 Every decidable equivalence relation on a type with an extensional con-
structive choice function can be established with a normaliser.

Proof Let R be a decidable equivalence relation on X and
y : Vp: (X —-P).decp — Ip - 3p

be an extensional choice function. Then we have functions f : Vx. dec (Rx) and
g : Vx.3(Rx). We define

nx = m(y(Rx)(fx)(gx))

and show that n is a normaliser establishing R.

1. Rxy — nx = ny since y is extensional and Rxy — Vz. Rxz <~ Ryz.

2. nx =y — Rxy follows with the type of y.

3. n(nx) = nx follows with (1) and (2).

4. Rxy < nx = ny follows with (1) and (2). -

Theorem 39 Every decidable equivalence relation on a countable type can be estab-
lished with a normaliser.

Proof Follows with Theorem [24] and Lemma -

8 Quotients

A quotient for a type X consists of a type A and two functions I: A — X and
C: X — A such that Va. C(Ia) = a. We say that a normaliser n is obtained with a
quotient (A, I,C) if nx = I(Cx) for all x.

Fact 40 Let (A,I,C) be a quotient for X. Then:
1. I is injective.

2. Ax.I(Cx) is a normaliser.
3. (A,I,Ax.[Cx]) is a retract of X.

Theorem 41 Every normaliser on a discrete type can be obtained with a quotient.

Proof Let n be a normaliser on a discrete type X. By Theorem [L0]we have a retract
(A,I,R) such that
nx =x - 3da.la=x



By Fact[I]we have a function
f:Vx.nx=x-{al|la=x}
Since n is a normaliser, we have a function
g : Vx.n(nx) =nx
Now we define
Cx = m(f(nx)(gx))

and show (1) nx = I(Cx) and (2) C(Ia) = a for all a and x.

For (1) we note that the type of f gives us some a such that Ia = nx and Cx = a.
The claim follows.

For (2) we note that we have n(Ia) = Ia. Hence I(C(Ia)) = Ia with (1). The claim
follows with the injectivity of I. -
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